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Note to the Reader 


his book is one of a series written by professional mathematicians 

in order to make some important mathematical ideas interesting 
and understandable to a large audience of high school students and 
laymen. Most of the volumes in the New Mathematical Inbrary cover 
topics not usually included in the high school curriculum; they vary 
in difficulty, and, even within a single book, some parts require a 
greater degree of concentration than others. Thus, while the reader 
needs little technical knowledge to understand most of these books, 
he will have to make an intellectual effort. 

If the reader has so far encountered mathematics only in classroom 
work, he should keep in mind that a book on mathematics cannot be 
read quickly. Nor must he expect to understand all parts of the book 
on first reading. He should feel free to skip complicated parts and 
return to them later; often an argument will be clarified by a subse- 
quent remark. On the other hand, sections containing thoroughly 
familiar material may be read very quickly. 

The best way to learn mathematics is to do mathematics, and each 
book includes problems, some of which may require considerable 
thought. The reader is urged to acquire the habit of reading with 
paper and pencil in hand; in this way mathematics will become in- 
creasingly meaningful to him. 

For the authors and editors this is a new venture. They wish to 
acknowledge the generous help given them by the many high school 
teachers and students who assisted in the preparation of these mono- 
graphs. The editors are interested in reactions to the books in this 
series and hope that readers will write to: Editorial Committee of the 
NML series, NEw York UNIvEersitry, THE Courant INSTITUTE OF 
MATHEMATICAL SCIENCES, 251 Mercer Street, New York, N. Y. 10012. 


The Editors 


Contents 


Translator’s Preface 


From the Author’s Preface 


Introduction. 
Chapter I. 

1. 

Z. 


Chapter IT. 
1. 
2. 


Solutions. 


What is Geometry? 
Classification of Similarity Transformations 
Central similarity (homothety) 


Spiral similarity and dilative reflection. Directly 
similar and oppositely similar figures 


Further Applications of Isometries and Similarities 
Systems of mutually similar figures 


Applications of isometries and of similarities to 
the solution of maximum-minimum problems 


Chapter One. Classification of similarities 


Chapter Two. Further applications of isometries 
and similarities 
vii 


oO OO -» DH = 


141 


Comparison of problem numbers between the Russian edition (1955) 
and the English translation 


Problems that have been added for the English edition have the word 
“new” next to them. 


Russian English Russian English Russian English 


44 1 59 29 81 57 
45 2 60 30 82 58 
new 3 61 31 83 59 
new 4 62 32 84 60 
new 5 new 33 85 61 
new 6 63 34 86 62 
new 7 64 35 87 63 
46 8 65 36 88 64 
47 9 66 37 89 65 
48 10 new 38 90 606 
new 11 new 39 91 67 
new 12 new 40 92 68 
49 13 67 41 93 69 
50 14 68 42 94 70 
new 15 69 43 95 71 
new 16 70* 44* 96 72 
51 17 new 45 97 73 
§2 18 new 46 98 74 
53 19 71 47 99 75 
54 20 72 48 100 76 
55 21 73 49 101 7] 
56 22 74 50 102 78 
new 23 7§ 51 103 79 
new 24 76 52 104 80 
new 25 77 53 105 81 
new 26 78 54 new 82 
$7 27 79 55 106 83 
58 28 80 56 


* Problem 70 in the Russian edition has been redone and a new part has been added 
to form Problem 44 in this translation. 
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Translator’s Preface 


The present volume is Part II of Geometric Transformations by I. M. 
Yaglom. The English translation of Part I has already appeared in this 
series. In the original Russian edition (1955) the two parts were pub- 
lished together in a single volume, and Part III appeared as a separate 
volume. An English translation of Part III will appear presently. 

This book is not a text in plane geometry; on the contrary, the author 
assumes that the reader already has some familiarity with the subject. 
Part II deals with similar figures and with transformations that preserve 
similarity. 

As in Part I, the problems are the heart of the book. There are eighty- 
three problems in all, and the reader should attempt to solve them for 
himself before turning to the solutions in the second half of the book. 
The numbering of the problems is not the same in the English edition 
as in the original Russian. In the Russian the problems were numbered 
consecutively from 1 to 106 (Problems 1-47 were in Part I, and 48-106 
were in Part II). In the English translation the numbering has started 
Over again in Part II. A chart comparing the numbering in the original 
and the translation has been included, since in Part I there are several 
references to problems in Part II, and these references used the problem 
numbers from the Russian original. 

Those footnotes preceded by the usual symbols f or { were taken over 
from the Russian edition (or were added by the author for the American 
edition), while those preceded by the symbol 7? have been added by the 
translator. 

The translator wishes to thank Professor Yaglom for his valuable 
assistance in preparing the American edition of his book. He read the 
manuscript of the translation and made a number of additions and cor- 
rections. Also, he prepared nineteen additional problems for the transla- 
tion (these are indicated in the chart comparing the numbering of the 
problems). 

The translator calls the reader’s attention to footnote T on p. 13, which 
explains an unorthodox use of terminology in this book. 

In conclusion the translator wishes to thank the members of the 
SMSG Monograph Project for the advice and assistance. Professor 
H. S. M. Coxeter was particularly helpful with the terminology. Especial 
thanks are due to Dr. Anneli Lax, the technical editor of the project, 
for her invaluable assistance, her patience, and her tact, and to her 
assistant, Arlys Stritzel. 

Allen Shields 


From the Author’s Preface 


This work, consisting of three parts, is devoted to elementary geom- 
etry. A vast amount of material has been accumulated in elementary 
geometry, especially in the nineteenth century. Many beautiful and un- 
expected theorems were proved about circles, triangles, polygons, etc. 
Within elementary geometry whole separate “sciences” arose, such as 
the geometry of the triangle or the geometry of the tetrahedron, having 
their own, extensive, subject matter, their own problems, and their 
own methods of solving these problems. 

The task of the present work is not to acquaint the reader with a series 
of theorems that are new to him. It seems to us that what has been said 
above does not, by itself, justify the appearance of a special monograph 
devoted to elementary geometry, because most of the theorems of 
elementary geometry that go beyond the limits of a high school course 
are merely curiosities that have no special use and lie outside the main- 
stream of mathematical development. However, in addition to concrete 
theorems, elementary geometry contains two important general ideas 
that form the basis of all further development in geometry, and whose 
importance extends far beyond these broad limits. We have in mind the 
deductive method and the axiomatic foundation of geometry on the one 
hand, and geometric transformations and the group-theoretic foundation 
of geometry on the other. These ideas have been very fruitful; the 
development of each leads to non-Euclidean geometry. The description 
of one of these ideas, the idea of the group-theoretic foundation of geom- 
etry, Is the basic task of this work .... 

Let us say a few more words about the character of the book. It is 
intended for a fairly wide class of readers; in such cases it is always 
necessary to sacrifice the interests of some readers for those of others. 
The author has sacrificed the interests of the well prepared reader, and 
has striven for simplicity and clearness rather than for rigor and for 
logical exactness. Thus, for example, in this book we do not define the 
general concept of a geometric transformation, since defining terms that 
are intuitively clear always causes difficulties for inexperienced readers. 
For the same reason it was necessary to refrain from using directed angles 
and to postpone to the second chapter the introduction of directed 
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segments, in spite of the disadvantage that certain arguments in the 
basic text and in the solutions of the problems must, strictly speaking, 
be considered incomplete . . . . It seemed to us that in all these cases the 
well prepared reader could complete the reasoning for himself, and that 
the lack of rigor would not disturb the less well prepared reader .... 

The same considerations played a considerable role in the choice of 
terminology. The author became convinced from his own experience as a 
student that the presence of a large number of unfamiliar terms greatly 
increases the difficulty of a book, and therefore he has attempted to 
practice the greatest economy in this respect. In certain cases this has 
led him to avoid certain terms that would have been convenient, thus 
sacrificing the interests of the well prepared reader .... 

The problems provide an opportunity for the reader to see how well 
he has mastered the theoretical material. He need not solve all the 
problems in order, but is urged to solve at least one (preferably several) 
from each group of problems; the book is constructed so that, by pro- 
ceeding in this manner, the reader will not lose any essential part of the 
content. After solving (or trying to solve) a problem, he should study 
the solution given in the back of the book. 

The formulation of the problems is not, as a rule, connected with the 
text of the book; the solutions, on the other hand, use the basic material 
and apply the transformations to elementary geometry. Special atten- 
tion is paid to methods rather than to results; thus a particular exercise 
may appear in several places because the comparison of different methods 
of solving a problem is always instructive. 

There are many problems in construction. In solving these we are not 
interested in the “simplest” (in some sense) construction—instead the 
author takes the point of view that these problems present mainly a 
logical interest and does not concern himself with actually carrying out 
the construction. 

No mention is made of three-dimensional propositions; this restriction 
does not seriously affect the main ideas of the book. While a section of 
problems in solid geometry might have added interest, the problems in 
this book are illustrative and not at all an end in themselves. 

The manuscript of the book was prepared by the author at the 
Orekhovo-Zuevo Pedagogical Institute...in connection with the 
author’s work in the geometry section of the seminar in secondary school 
mathematics at Moscow State University. 

I. M. Yaglom 


INTRODUCTION 


What is Geometry? 


In the introduction to the first volume we defined geometry as the 
study of those properties of figures that are not changed by motions; 
motions were defined as transformations that do not change the distance 
between any two points of the figure (see pp. 10-11 of Volume One). It 
follows at once from this that the most important geometric properties 
of a figure seem to be the distances between its various points, since the 
concept of distance between points—the length of a segment—appears 
to be the most important concept in all geometry. However, if we ex- 
amine carefully all the theorems of elementary geometry as presented in 
Kiselyov’s text,? then we see that the concept of distance between points 
hardly figures at all in these theorems. All the theorems on parallel and 
perpendicular lines (for example, the theorems: “if two parallel lines are 
cut by a third line, then the corresponding angles are equal” or “from 
each point not on a given line there is one and only one perpendicular 
to the given line”), most of the theorems about circles (for example, 
“through three points not all lying on a straight line one and only one 
circle can be passed”) , many of the theorems about triangles and polygons 
(for example, “the sum of the angles of a triangle equals a straight 
angle’’, or ‘“‘the diagonals of a rhombus are perpendicular to each other 
and bisect the angles of the rhombus’) have nothing whatsoever to do 
with the concept of distance. And even in those theorems whose formula- 
tion does contain the concept of length of a segment (for example, “the 


T This is the standard textbook of plane geometry in the Soviet Union. 
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bisector of any angle of a triangle divides the opposite side into parts 
proportional to the adjacent sides of the triangle’, “in a given circle or 
in congruent circles the longer of two unequal chords lies closer to the 
center”, or even the Pythagorean theorem: “‘if the sides of a right triangle 
are measured in the same units, then the square of the length of the 
hypotenuse equals the sum of the squares of the lengths of the legs’’), 
in actual fact it is not the length of some segment or other that plays a 
role, but only the ratto of the lengths of two or of several segments. It is 
easy to convince oneself of this if one thinks about the content of these 
theorems. For example, in the Pythagorean theorem it is not the actual 
lengths of the sides of the triangle that play a role, but only the ratios 
of the lengths of the legs to the length of the hypotenuse: this theorem 
says that if a right triangle ABC has legs of lengths 6 and c, and if & 
and / denote the ratios of these lengths to that of the hypotenuse a 
(that is, b/a =k, c/a =1), then FP? +P =1. 

It is not difficult to understand the general principle behind this. The 
concept of length of a segment uses in an essential manner the presence 
of some fixed unit of measurement for lengths; the numbers that express 
the lengths of one and the same segment will be different if the segment 
is measured in centimeters, or in kilometers, or in inches. But the content 
of geometric theorems cannot depend on the particular unit of measure- 
ment that has been chosen. It follows that in geometric theorems lengths 
cannot figure by themselves; instead we can encounter only the ratios of 
the lengths of two or of several segments (these ratios do not depend on 
the choice of the unit of measurement). Thus the previous formulation 
of the Pythagorean theorem beginning with the words: “if the sides of a 
right triangle are measured in the same units, then .. .” tells us that the 
theorem speaks of the ratios of the lengths of the sides of the triangle. If 
we know that the lengths of several segments are measured in the same 
units, but we do not know what the unit of measurement actually is, 
then we can consider only the ratios of the lengths of these segments. It 
would, of course, be useless to require in the hypothesis of a theorem 
that a segment be measured in a definite unit of measurement, for ex- 
ample in meters; clearly a theorem cannot be true only when the segment 
is measured in centimeters and false when it is measured in, say, inches. 

This is connected with the fact that, from the geometric point of view, 
all segments are the same, no one of them is in any way distinguished or 
preferred; therefore all definitions of a unit of length are of a completely 
arbitrary character from the geometric point of view. For example, the 
meter is defined as the length of a certain platinum-iridium bar, kept in 
the Bureau of Weights and Measures in Paris; it is also defined as 
1,552,734.83 times the wave length of the red line of emission of cadmium 
under certain standard conditions. As another example, the English yard 
was originally introduced as the distance from the nose of the English 
King Henry the First to the tip of the middle finger of his outstretched 
hand. It is natural, therefore, that in the formulation of geometric 
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theorems one does not use the lengths of segments, but merely the 
ratios of lengths—quantities that do not depend on the choice of the 
unit of measurement.t 

Thus the concept of distance between points, which according to our 
definition of geometry should play a basic role, actually does not appear 
directly in geometric theorems. This circumstance was already pointed 
out by F. Klein, the first to give a precise definition of geometry. Indeed, 
Klein’s definition is somewhat different from that given in the introduc- 
tion to Volume One. Here it is: geometry is the science that studies those 
properties of geometric figures that are not changed by similarity transforma- 
tions. Similarity transformations can be defined as those ‘ransformations 
that do not change the ratios of the distances between pairs of points; this 
abstract definition of similarity transformation can be replaced by a 
complete description of all such transformations. Such a description will 
be given in Chapter I, Section 2 of this book. Klein’s definition says that, 
in a definite sense, not only does geometry not distinguish between con- 
gruent figures, but it does not even distinguish between similar figures; 
indeed, in order to assert that two triangles are congruent, and not 
merely similar, we must have fixed a definite unit of measurement, once 
and for all, with which to measure the sides of both triangles. It is this 
very “indistinguishability”’ of similar figures that enables us to represent 
figures of large dimensions in a picture; the teacher uses this principle 
when he tells the students to reproduce ‘‘accurately” in their notebooks 
the figure he is drawing on the blackboard and which, of course, could 
not possibly fit into their notebooks without being reduced in size. 

We see, then, that the basic role in elementary geometry 1s in fact 
played by similarity transformations; thus a special study of these 
transformations is important. Not only is the study of similarity trans- 
formations of great theoretical interest, it is also very useful in the solu- 
tion of many different problems; indeed, in this respect similarity trans- 
formations do not take second place to isometries. As an example one 
may take the problem of constructing a quadrilateral, similar to a given 
one, whose points pass through four given points [see problem 55 (b) of 
Section 1, Chapter II]. This problem is a generalization of the following 


t Note that in contrast to the lengths of segments, the magnitudes of angles often 
figure in the formulation of geometric theorems. This is because the unit of angular 
measure can be defined purely geometrically: the radian is defined as the central angle 
subtending an arc of a circle whose length is equal to that of the radius of the circle, 
and a right angle is defined to be an angle equal to its supplement. The difference 
between the concepts of length of a segment and magnitude of an angle is well illus- 
trated, for example, by the following theorem: tn a right triangle, one of whose acute 
angles ts 30°, the ratio of the length of the shortest side to the hypotenuse ts 1:2. 


t Incidentally, in certain situations the definition of geometry given in Volume 
One is preferable to the one given here. This question is treated more fully in the 
introduction to Volume Three. 
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three familiar problems usually solved by using special properties of the 
square, rectangle and rhombus: 
(a) construct a square whose sides pass through four given points; 
(b) construct a rectangle with given ratio of sides, whose sides pass 
through four given points; 
(c) construct a rhombus with given angles, whose sides pass through 
four given points. 


= © 
oo 
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Figure ! 


The first of these problems can be solved as follows: if the points A, B 
and C lie on the sides XY, YZ and ZT of the square XYZT (Fig. 1a), 
and if the line through B perpendicular to AC meets the line XT in a 
point M, then BM = AC, since triangles ACP and BMQ in Figure 1a 
are congruent. Thus, if we know four points A, B, C and D lying on the 
four sides of the square, then we can find one more point M on side TX 
(or on its extension) and draw the line 7X passing through the two 
points D and M (assuming D ¥ M). 

This same problem can be solved in another way. As before let A, B, 
C, D be points on the sides XY, YZ, ZT, TX of the square. The circle 
with AD as diameter passes through the point X ; let R be the other 
point of intersection of the diagonal XZ with this circle. Likewise, the 
circle with diameter BC passes through Z; let S be the other point of 
intersection of the diagonal XZ with this circle (Figure 1b). Since XZ 
bisects the angle at X the point R is the midpoint of the circular arc 
ARD; likewise S is the midpoint of arc BSC. Thus the line XZ can be 
constructed as the line through the two midpoints R and S (if R ¥ S). 
The other points of intersection of this line with the two circles will be 
the desired vertices X and Z. 

The first solution outlined above can be generalized in a natural way to 
solve the second problem, (b), wherenow AC:BM = AP:BQ = TX:XY 
are known ratios (see Figure 2a). The second solution to the problem of 
constructing the square can be generalized very nicely to solve the third 
problem, (c); in this case however, the circular arcs must be constructed 
on the segments AD and BC so that these segments subtend an inscribed 
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angle equal to the given angle of the rhombus. The diagonal XZ is then 
found as before as the line through the midpoints R and S of these 
circular arcs (Figure 2b). 


Figure 2 


Although these solutions to the three problems (a), (b), (c) are very 
beautiful, they are somewhat artificial, and it is not so easy to hit upon 
such proofs for oneself. General considerations based on similarity 
transformations enable us to find a more natural solution to a more 
general problem [55(b) ] which includes these three problems as special 
cases. 

The reader will find many other problems that can be solved by the 
application of similarity transformations. 

Note also that, since isometries are a special case of similarity trans- 
formations, many problems whose solutions use isometries can be greatly 
generalized if one solves them by similarity transformations instead. For 
example, the problem of constructing a polygon, given the vertices of 
isosceles triangles having given vertex angles and constructed on the 
sides of the polygon (we spoke of this problem in the introduction to 
Volume One), can be so generalized in the following manner: 

In the plane » points are given; they are the outer vertices of triangles 
constructed on the sides of a certain ”-gon (with these sides as bases) 
and similar to » given triangles. Construct the n-gon (see problem 37 of 
Section 2, Chapter I). 

The reader will find many other such examples in Chapter I. 


CHAPTER ONE 


Classification of Similarity 
Transformations 


1. Central similarity (homothety) 


We say that a point A’ is obtained from a point A by a central similarity 
(or by a homothety) with center O and similarity coefficient & if A’ lies 
on the line OA, on the same side of the point O as A, and if OA’/OA =k 
(Figure 3a). The transformation of the plane that carries each point A 
into the point A’ centrally similar to A with respect to the center of 
similarity O and with similarity coefficient & is called a ceniral similarity 
(or homothety, or dilatation); the point O is called the center and the 
number & is called the coefficient of the transformation. The point A’ is 
called the image of A under the transformation. The images of all points 
of a figure F form a figure F’, said to be centrally similar to F (with respect 
to the center of similarity O and with similarity coefficient &) (Figure 
3b). Clearly the figure F in turn is centrally similar to F’ (with respect 
to the same center of similarity and with coefficient 1/k); this enables 


0 A N’ 
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one to speak of pairs of centrally similar figures. One says also that the 
figures F and F’ are similar,} or that they are similarly placed. 


Figure 4a 


Figure 4b 


A central similarity transformation carries a line / into a line /’ parallel 
to J; to construct /’ it is sufficient to find the image A’, centrally similar 
to some point A on the line J, and to pass through A’ a line parallel to / 
(Figure 4a). If two lines 7 and m intersect in an angle a, then their 
images /’ and m’ intersect in the same angle a@ ; thus the triangle A'BC'," 

centrally similar to a given triangle ABC has ‘the same angles as ABC, 
that is, the two triangles are similar (Figure 4b). A circle S with center 
A and radius r is carried by a central similarity onto a new circle S’ with 
center at the point A’ into which the point A is taken, and with radius 
rv’ = ky, where is the similarity coefficient (Figure 5). Indeed, from the 
similarity of triangles OAM and OA’M' (where M is any point of S and 
M’ its image) it follows that A’M’/AM =k, that is, A’M’' = kr; 
this shows that S is carried onto the circle with center A’ and radius kr. 


t The transformation of central similarity is a similarity transformation in the sense 
of the definition given in the introduction, since in this transformation the lengths of 
all segments are multiplied by one and the same number & (see below, page 26). 
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Figure 5 


Clearly any two incongruent circles S and S’ of radii ry and r’ and with 
centers at the points A and A’ can be considered as centrally similar; it 
is sufficient to take for the center of similarity the point O lying on the 
line AA’ outside of the segment AA’, and such that OA’/OA = 1r'/r, 
and to take for the similarity coefficient the ratio r’'/r (Figure 5). The 
point O is called the exterior center of similarity of the circles S and S’ 
(as opposed to the interior center of similarity, of which we shall speak 
below). To construct the exterior center of similarity O of two incon- 
gruent circles S and 5S’, it is sufficient to draw any two parallel and sim- 
ilarly directed radii AM and A’M’ in these circles and then to join M 
and M’ ; O is the point of intersection of AA’ and MM". If the smaller 
of the two circles does not lie inside the larger, then the exterior similarity 
center can also be found as the point of intersection of the common 
exterior tangents (Figure 5a); if S and S’ are internally tangent, then 
the similarity center coincides with the point of tangency (Figure 5b). 
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Figure 6 


It is often convenient to consider that the ratio of two segments AB 
and CD, lying on one and the same line, has a definite sign: the ratio 
AB/CD is said to be positive in case the directions of the segments AB and 
CD (that is, the direction from the point A to the point B, and from 
C to D) coincide (Figure 6a), and negative when these directions are 
opposite (Figure 6b). It is clear that the order in which we write the end- 
points of the interval is essential; thus, for example, BA/CD = —AB/CD. 
This convention about the signs of intervals is convenient in many 
geometric questions; we shall use it in the future.f If we accept this 
convention, then the similarity coefficient of two centrally similar figures 
can be either positive or negative. Namely, two figures F and F’ will be 
said to be centrally similar with center of similarity O and (negative!) 
similarity coefficient —k, if each two corresponding points A and J’ of 
these figures lie on a line through O and on opposite sides of O, and if the 
ratio of the lengths of the segments OA’ and OA is equal to & (Figure 7) ; 
this condition can be written in the form OA’/OA = —k. A central 
similarity with similarity center O and negative similarity coefficient 
~—k is the same as the transformation obtained by first performing a 
central similarity with center O and positive coefficient & (carrying the 
figure F into F, ; see Figure 7), and then following this by a half tum 
about O (taking F;, into F’); or the half turn about O can be performed 
first (taking the figure F into F; ; see Figure 7) followed by a central 
similarity with center O and positive coefficient & (taking F, into F’). 


{ This definition of the sign of the ratio of intervals can be explained in the following 
manner. Choose on a line some direction as the positive direction (it can be indicated 
by an arrow placed on the line) ; an interval AB on this line will be considered positive 
if its direction (from the point A to the point B) is positive, otherwise it will be con- 
sidered negative (compare the fine print at the bottom of page 20 and the top of page 
21 in Volume One). Thus the ratio of two segments can be either positive or negative 
and, as one sees easily, this is independent of the particular direction on the line that 
was chosen as the positive direction; the ratio A4B/CD will be positive if the segments 
AB and CD have the same sign (that is, either both intervals are positive or both are 
negative), and the ratio will be negative if the segments have opposite signs (that is, 
one of the segments is positive and the other is negative). 

In the language of vectors our definition of the ratio of segments, taken with a definite 
sign, can be formulated as follows: AB/CD = k, where & is the positive or negative 
number such that AB = kCD. 
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Thus a central similarity with negative similarity coefficient —k is the 
sum" of a central similarity with the same center O and with positive coeffi- 
cient k and a half turn about O, taken in either order. In the future when 
we speak of central similarities we always understand that the similarity 
coefficient can be either positive or negative. 


Figure 7 


A central similarity with negative similarity coefficient —z also carries 
a line / into a parallel line /’ (but now the center of similarity lies between 
the two lines / and /’; see Figure 8), and it carries a circle S into another 
circle S’ (the center A’ of the circle S’ is centrally similar to the center 
A of the circle S with negative similarity coefhcient —k, and the ratio 
of the radii r’/r is equal to k; see Figure 9). Any two circles S$ and S’ 
are centrally similar with negative similarity coefficient equal to —r’/r 
(where r and r’ are the radii of the circles), and similarity center O 
lying on the line AA’ joining the centers and such that OA’/OA = —r'/r. 


Figure 8 


T When a transformation /{: A— A’ is followed by another transformation 
g:A’— A”, the result is the compostte transformation gof: A— A”; it is usually 
called the product g o f of f and g, but in this book it is called the sz. 
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The point O lies inside the segment AA’ and is called the isterior center 
of similarity of the circles S and S’. To find the interior similarity center 
of two circles S and S’ it is sufficient to draw any two parallel and op- 
positely directed radii AM and A’M’ in these circles; O is the point of 
intersection of AA’ and MM’ (Figure 9). If S and S’ do not intersect, 
then their interior similarity center can also be found as the point of 
intersection of their common interior tangents (Figure 9a); if S and S’ 
are tangent from the exterior, then O is the point of tangency (Figure 9b). 
Thus any two incongruent circles may be regarded as centrally similar 
in two ways: the similarity coefficient can be taken equal to r’/r or to 
—r'/r. Two congruent circles are centrally similar in just one way, with 
similarity coefficient —1. For concentric circles (and only for them) the 
exterior and interior centers of similarity coincide with each other and 
with the common center of the circles. 


Figure 9 


The only fixed point of a central similarity (different from the identity 
transformation, which can be regarded as the special case of a central 
similarity with coefficient & = 1 ) is the center O; the fixed lines are all 
the lines through O. 

If the coefficient of a central similarity is —1, then the transformation 
is a half turn about the similarity center; thus a half turn about a point 
is a special case of a central similarity. Using this we can generalize 
Problems 9-11 in Volume One, whose solutions used half turns; to solve 
the more general problems, one must use more general central similarities. 
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Thus in Problem 9 one can require that the segment of the desired line 
lying between the given line and the circle should be divided by the 
point A in a given ratio m/n; in Problem 10 (a) one can require that the 
ratio of the lengths of the chords in which the given circles meet the 
desired line has a given value m/n; in Problem 10 (b) one can require 
that, when the lengths of the chords cut out of the desired line by the 
given circles S, and S2 are multiplied by given numbers m and ”, then 
the difference should have a given value; in Problem 11 one can require 
that the point J divide the segment EF of the chord CD in the ratio 
m/n. The solutions of these new problems are analogous to the solutions 
of Problems 9-11; we leave it to the reader to carry out these solutions 
for himself. 


1. Two lines /; and /, and a point A are given. Pass a line / through 
A so that the segment BC cut off by 4 and & satisfies 
AB:AC = m:n. 


2. (a) A ccircle S and a point A on it are given. Find the locus of the 
midpoints of all the chords through A. 


(b) A circle S and three points A, B, and C on it are given. Draw a 
chord AX that bisects the chord BC. 


3. Let two tangent circles R and S be given. Let / be a line through 
the point M of tangency, and let this line meet R in a second 
point A and meet S in a second point B. Show that the tangent 
to K at A is parallel to the tangent to S at B. 


4, Let R and S be two disjoint circles, neither inside the other. 
Let m be a common tangent to R and S and assume that R and 
S are both on the same side of m. Let » be another common 
tangent, with R and S both on the same side of 2. Let M be the 
point of intersection of m and n. Let / be a line through M 
meeting R in points A and B, and meeting S in points C and D. 
Finally, let E be the point of tangency of m and R, and let F 
be the point of tangency of m and S. Prove that: 


(a) Triangle ABE is similar to triangle CDF. 


(b) The ratio of the areas of triangles ABE and CDF is equal to the 
square of the ratio of the radii of R and S. 


(c) The line determined by the points of intersection of the medians 
of triangles ABE and CDF passes through the point M. 


16 


Nene” 


(a 
(b) 


(c) 


(b 


a 


(b) 


(c) 


9. (a) 
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Let ABCD be a trapezoid whose sides AD and BC, extended, 
meet in a point 4M; let N be the point of intersection of the 
diagonals AC and BD. Prove that: 


The circles R and S circumscribed about triangles ABM and 
DCM are tangent. 


The circles R; and S; circumscribed about triangles ABN and 
CDN are tangent. 


The ratio of the radii of R, and S, is equal to the ratio of the 
radii of R and S. 


Using the two parallel sides AB and CD of trapezoid ABCD as 
bases construct equilateral triangles ABE and CDF. These 
triangles should each be on the same side of the base (that is, 
if we regard AB and CD as being horizontal, then either both 
triangles are constructed above the base, or both are con- 
structed below the base). Prove that the line EF passes through 
the point of intersection of the extensions of the two nonparallel 
sides of the trapezoid. 


On the parallel sides AB and CD of the trapezoid, construct 
squares exterior to the trapezoid. Prove that the line joining 
their center passes through the point of intersection of the 
diagonals of the trapezoid. 


Prove that the line joining the midpoints of the two parallel 
sides of a trapezoid passes through the point of intersection of 
the extensions of the other two sides, as well as through the 
point of intersection of the diagonals. 


Remark. See also Problem 108 in Section 1 of Chapter I, Volume Three. 


Two concentric circles S,; and S, are given. Draw a line / meeting 
these circles consecutively in points A, B, C, D such that 
AB = BC=CD (Figure 10a). 


Three concentric circles S,, S2 and S3 are given. Draw a line 
1 meeting S,, S2 and S; in order in points A, B, and C such 
that AB = BC (Figure 10b). 


Four concentric circles S), S2, S3 and 5S, are given. Draw a 
line / meeting S,, Sz, S3 and S, respectively in points A, B, 
C, D such that AB = CD (Figure 10c). 


Inscribe a square in a given triangle ABC so that two vertices 
lie on the base AB, and the other two lie on the sides AC and 
BC. 
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Figure 10 


(b) In a given triangle ABC inscribe a triangle whose sides are 
parallel to three given lines 4, l2 and J3.T 


Problem 10(c) is a generalization of Problem 9(b). 


10. (a) Two lines 4 and ): are given together with a point A on i; and a 
point B on k . Draw segments AM; and BM; on the lines ); and 
lL, having a given ratio AM,/BM, = m, and through the points 
M, and M; pass lines parallel to two given lines J; and J, (Figure 
11). Find the locus of the points of intersection of these lines. 


(b) A polygon A,A2°--Aj varies in such a way that its sides remain 
parallel to given directions, and the vertices A;, Az, °*°, Ant 
move on given lines i, k,-*°,/,-1. Find the locus of the 
vertex An. 


(c) In a given polygon inscribe another polygon whose sides are 
£1 polyg polyg 
parallel to given lines. 


Problem 189 in Section 5, Chapter I, Volume Three is a substantial gen- 
eralization of Problem 10 (c). 


t By a polygon “inscribed” in a given polygon we mean a polygon, all of whose 
vertices lie on the sides of the given polygon (with at least one vertex on each side) 
or on their extensions. 
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11. 


12. 


13. 


(a) 


(b) 


(a) 
(b) 


(c) 
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Figure 11 


Let a “hinged” parallelogram ABCD be given. More precisely, 
the lengths of the sides are fixed, and vertices A and B are 
fixed, but vertices C and D are movable (Figure 12). Prove 
that, as C and D move, the point Q of intersection of the diag- 
onals moves along a circle. 


Figure 12 


Let the inscribed circle S of A ABC meet BC at the point D. 
Let the escribed circle which touches BC and the extensions of 
sides AB and AC meet BC at the point £. Prove that AE meets 
S at the point D, diametrically opposite to D. 


Construct triangle ABC, given the radius 7 of the inscribed 
circle, the altitude #4 = AP on side BC, and the difference 
b — c of the two other sides. 

Construct a circle S 


tangent to two given lines /; and , and passing through a given 
point A; 


passing through two given points A and B and tangent toa 
given line /; 


tangent to two given lines J; and /, and to a given circle S. 
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See Problem 22 below, and Problems 232 (a), (b), 237 in Section 2, 247 in 
Section 3, and 271 in Section 5 of Chapter II, Volume Three. 


14. (a) Prove that the point M of intersection of the medians of triangle 


15. 


16. 


ABC, the center O of the circumscribed circle, and the point 7 
of intersection of the altitudes lie on a Jline,f and that 
HM/MO = 2/1 (Figure 13a). 


Va iN 


Figure 13a 


(b) Prove that the three lines through the midpoints of the sides 


(c) 


of a triangle and parallel to the bisectors of the opposite angles 
meet in a single point. 


Prove that the lines joining the vertices of triangle ABC to the 
points where the opposite sides are tangent to the corresponding 
escribed circles meet in a single point J. This point is collinear 
with the point Mf of intersection of the medians and the center 
Z of the inscribed circle, and JM/MZ = 2/1 (Figure 13b). 


Inscribe a triangle ABC in a given circle S, if the vertex A and 
the point H of intersection of the altitudes are given. 


Given a circle S. What is the locus of the points of intersection 
of the (a) medians, (b) altitudes, of all possible acute angled 
triangles inscribed in S; of all right angled triangles inscribed 
in S; of all obtuse angled triangles inscribed in S? 


t This line is called the Euler line of triangle ABC. 


20 GEOMETRIC TRANSFORMATIONS 


A 
iB 
——an 
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LESS Ss 


Figure 13b 


17. (a) Let H be the point of intersection of the altitudes of triangle 
ABC, and let M be the point of intersection of the medians. 
Prove that the circle S, centrally similar to the circumscribed 
circle S with similarity center H and similarity coefficient 3, is 
also centrally similar to S with similarity center M and co- 
efficient —3. This circle passes through the midpoints A’, B’, C’ 
of the sides of the triangle, through the feet of the altitudes, 
and through the midpoints of the segments HA, HB and HC 
on the altitudes (Figure 14a).f 


Figure 14a 


t This circle § is called the Esler circle or the nine point circle of triangle ABC. 


(b) 
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Let J be the point of intersection of the lines joining the vertices 
of triangle ABC to the points where the opposite sides are 
tangent to the escribed circles [see Problem 14 (c) ] and let M@ 
be the point of intersection of the medians of the triangle. 
Prove that the circle S that is centrally similar to the inscribed 
circle S with similarity center at the point J and similarity co- 
efficient 3 is also centrally similar to S with similarity center 
M and coefficient —}. This circle is tangent to the lines A’B’, 
B‘C’, C’A’ joining the midpoints of the sides of triangle ABC, 
and is also tangent to the three lines joining the midpoints D, E 
and F of the segments JA, JB and JC (Figure 14b). 


A 


Figure 14b 


The centroid of a polygon. By the centroid of a segment we mean 
its midpoint (Figure 15a). The centroids of the sides of a 
triangle form a new triangle, centrally similar to the original 
one with similarity coefficient —} and similarity center at the 
point of intersection of the medians, which point is also called 
the ceniroid of the triangle (Figure 15b). Prove that the centroids 
of the four triangles whose vertices coincide with the vertices 
of an arbitrary given quadrilateral form a new quadrilateral 
centrally similar to the given one with similarity coefficient — 3; 
the corresponding center of similarity N (see Figure 15c) is 
called the centroid of the quadrilateral. Analogously, the centroids 
of the five quadrilaterals whose vertices coincide with the 
vertices of an arbitrary given pentagon form a new pentagon, 
centrally similar to the given one with similarity coefficient — 4 
and center of similarity at a point that is called the centroid of 
the pentagon, the centroids of the six pentagons whose vertices 
coincide with the vertices of an arbitrary given hexagon form a 
new hexagon, centrally similar to the given one with similarity 
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coefficient —3 and center of similarity at a point that is called 
the centroid of the hexagon, etc. 


[In other words, the three lines joining the vertices of a 
triangle to the centroids of the opposite sides meet in a point— 
the centroid of the triangle—and are divided by it in the ratio 
2:1; the four lines joining each of the vertices of a quadrilateral 
to the centroid of the triangle formed by the other three vertices 
meet in a point—the centroid of the quadrilateral—and are 
divided by it in the ratio 3:1, and so forth. ] 


L 


A, 


Figure 15a 


Figure 15b 


(b) The Euler circle of a polygon inscribed in a circle. By the Euler 


circle of a chord of a circle S of radius R we mean the circle of 
radius R/2 with center at the midpoint of the chord (Figure 15d). 
The centers of the three Euler circles of the three sides of a 
triangle (inscribed in a circle of radius R) lie on a circle of 
radius R/2 (with center at the point of intersection of these 
three circles), called the Euler circle of the triangle (compare 
Figure 15e with Figure 14a). Prove that the centers of the four 
Euler circles of the four triangles whose vertices are the vertices 
of an arbitrary quadrilateral inscribed in a circle S of radius R, 
lie on a circle of radius R/2 (with center at the point of inter- 


{ It is not difficult to prove that the centroid defined here for an #-gon coincides 


with the physical centroid, or center of gravity, of 2 equal masses placed at the vertices. 
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section of these four circles) ; this circle is called the Esler circle 
of the quadrilateral (Figure 15f). Analogously, the centers of the 
Euler circles of the five quadrilaterals, whose vertices are the 
vertices of an arbitrary pentagon, inscnbed in a circle S of 
radius R, lie on a circle of radius R/2 (with center at the point 
of intersection of these five circles) called the Euler circle of the 
pentagon, etc. 


Figure 15d Figure 15e 
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(c) Prove that the centroid of an m-gon inscribed in a circle [see 
Problem (a) ] lies on the segment joining the center of the 
circumscribed circle to the center of the Euler circle [see Prob- 
lem (b) ] and divides this segment in the ratio 2:(” — 2). 


Figure 15f 


It is convenient to use central similarities for the solution of comstruc- 
tion problems in a bounded portion of the plane. Usually in the solution 
of problems in construction one assumes that the plane is unbounded; 
thus, for example, one assumes that every line can be extended indefinitely 
in both directions. Actual constructions, however, are always carried 
out In a strictly bounded domain—on a sheet of paper or on the classroom 
blackboard. Therefore in the course of the construction it may happen, 
for example, that the point of intersection of two lines that enter into 
the construction lies beyond the limits of the picture, that is, it is in- 
accessible to us. This circumstance causes us to consider problems in 
which it is specially stated that the construction must be carried out 
entirely within some bounded portion of the plane.f The application of 


{ We note that in geometry one doesn’t usually insist on the actual completion of a 
figure in each construction problem: the problem is considered solved if the correct 
path to its solution has been given (that is, if the construction has been carried out 
“with the aid of language”, in the words of the German geometer J. Steiner (1796- 
1863) ). Therefore the boundedness of the figure is not a real barrier to the solution of 
construction problems, and so constructions in a bounded portion of the plane must 
be regarded as belonging to those types of problems whose formulation contains some 
special condition restricting the possibilities of construction (analogous to construc- 
tions in which one is forbidden to use the ruler, or in which one is forbidden to use 
compasses; for such constructions see Volume Three). In engineering design the ques- 
tion of constructions in a bounded portion of the plane has practical significance. 
Also in geodesy—the science of construction and measurement in localities of the earth 
—such constructions have a serious practical meaning; here the admissible domain 
for constructions may be bounded by a river, a sea, a mountain, a forest, a swamp, etc. 
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central similarities enables us to establish the remarkable fact that every 
construction that can be carried out in the unbounded plane can also be 
carried out in any portion of it no matter how small! (See Problem 20 
below.) 


Figure 16a Figure 16b 


Figure 16c 


19. (a) Connect a given point M to the “‘inaccessible” point of inter- 
section of two given lines and /, (or of a given line / and a 
circle S, or of two given circles S; and S:). (See Figure 16a.) 


(b) Through a given point M pass a line parallel to an “inaccessible” 
line 7, two points of which are determined by the intersections 
of the pairs of lines a,, a2 and 6, 52 (Figure 16b). 


(c) Pass a circle through three “inaccessible”, non-collinear points 
A, B, C determined, respectively, by the pairs of lines a; and 
a., b, and &, c, and c (Figure 16c); of course in this problem 
we are only required to construct that part of the circle lying 
in the part of the plane accessible to us, or to determine its 
center and radius. See also Problems 119 (a), (b) and 120 of 
Section 2, Chapter I of Volume Three. 
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20. Show that for any given distribution of points in a bounded 
portion K of the plane or even outside of it, and for any mag- 
nitudes of given intervals, each problem in construction that 
can be solved in the whole plane can also be solved without 
leaving the boundaries of &. [In this connection, if a point A 
that is given or that is to be constructed lies beyond the bound- 
aries of K, then it is determined by two lines in the domain that 
intersect at A; an inaccessible line is determined by two of its 
points, and an inaccessible circle by its center and one point or 
by its center and radius. | 


Figure 17 


Let F and F’ be two centrally similar figures with similarity coefficient 
k (positive or negative!). (See Figure 17a and b.) In this case correspond- 
ing segments in the two figures will be parallel, and their lengths will 
have the fixed ratio k; this follows from the fact that triangles OAB and 
OA’B’ are similar (since OA’/OA = OB'/OB = +k ). Let us agree to 
consider the ratio of two parallel segments AB and A’B’ positive or 
negative according to whether they have the same directions (from A to 
B and from A’ to B’) or opposite directions; this convention is analogous 
to the one we introduced earlier for the ratios of segments on the same 
line. Then in all cases one can say that corresponding segments in two 
centrally similar figures are parallel and have a constant ratio, equal to the 
similarity coefficient. Let us prove that, conversely, if to each point of the 
figure F one can assign some point of the figure F! in such a way that corre- 
sponding segments of these two figures are parallel and have a constant (in 
magnitude and in sign!) ratio k, not equal to 1, then F and F’ are centrally 
similar. 

Indeed, choose any point M of F and let M’ be the corresponding 
point of F’; let A and A’ be any other pair of corresponding points of 
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Figure 18 


these two figures, and let O be the point of intersection of the lines MM’ 
and AA’ (see Figure 17). Since MA || M’A’, the triangles OMA and 
OM'A’ are similar; by assumption M’A’/MA =k, _ therefore 
OM'/OM = OA'/OA =k. From this it follows, first, that the point O 
does not depend on the choice of the pair A, A’ (it is the point on the 
line MM’ for which OM’/OM = ), and second, that any pair of cor- 
responding points A and A’ of the figures F and F’ are centrally similar 
with similarity center O and similarity coefficient k, which is what we 
were required to prove. If the ratio & of corresponding segments were -++1, 
then our reasoning would be invalid, since in this case the lines MM’ 
and AA’ would not meet (they would be parallel); in this case the 
figures F and F’ are not centrally similar, but are obtained from one 
another by a translation (see pages 18 and 19 of Volume One). 

Let us now consider the addition of central similarities. Let the figure 
F, be centrally similar to F with similarity center O, and similarity co- 
efficient &; ; let F’ be centrally similar to the figure F, with similarity 
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center O, and similarity coefficient ke (see Figure 18, where for simplicity 
we have shown the case of positive k,; and ke ; actually in the following 
reasoning k, and &, can be taken either positive or negative). In this case 
corresponding segments in F and F, are parallel and have the constant 
ratio k, ; corresponding segments in F, and F’ will be parallel and will 
have the constant ratio k,. From this it follows that corresponding 
segments in F’ and F are parallel and have the constant ratio kke (mul- 
tiplying the left and the right members of the equations A,B,/AB = k, 
and A’B’/A,B, = ke, we obtain A’B’/AB = kk, ). But this means 
that F’ is centrally similar to the figure F with similarity coefficient 
kiko if kike ~ 1, and is obtained from F by a translation if k,kp = 1. 
This can also be expressed as follows: the sum of two central similarities 
with coefficients ki and ke ts a central similarity with coefficient kiko if 
Ryko 1, and is a translation if kyke = 1.7 

Given the centers O; and O; and the coefficients k, and ky of two central 
similarities, we now show how to find the center O of the central similarity 
that is their sum (or, in case kk, = 1, how to find the magnitude and 
direction of the translation that is their sum).f Clearly, if O, coincides 
with O2 then O coincides with this point also (Figure 18c) ; therefore we 
shall assume that the centers O, and QO, are different. The first central 
similarity leaves the center O, in place, while the second carries O, into 
the point O,’ on the line O20, such that O,0,'/0,0, = ko (Figure 18a, b). 
Thus the sum of the two transformations carries the O; onto O,’. From 
this it follows that if kike = 1 (Figure 18b), then the sum of the two 
transformations is @ translation in the direction of the line O,O,' (that is, 
in the direction of the line 0,0, , since O,' lies on the line 0,02) through 
a distance a@ = O,0,’; since O20,'/0.0, = ke, a can also be represented 
in the form 


0-0,’ — 0.0 
a = 0.0;' — 0.0; = —-——— 0.0; = (bk — 1)0.0, . 
O20; 


If kiko ~ 1 (Figure 18a), then the desired center O lies on the line O,Oj’, 
that is, on the line O,0O., and OO,'/OO, = k\k,. A more convenient 
expression for the position of the point O can be found. From the relations 


} Here is another formulation of the same proposition: two figures F and F’ that are 
each separately centrally similar to a third figure Fi , are either centrally similar to one 
another or are translates of one another. 

We recommend that the reader try for himself to prove the theorem on the addition 
of central similarities, starting from the definition of central similarity and without 
using the fact that two figures whose corresponding segments are parallel and have a 
constant ratio are centrally similar to one another. 


t To carry out the reasoning below independently of the signs and magnitudes of 
the similarity coefficients &; and k: , one must consider directed segments throughout 
(see text in fine print on pages 20 and 21 of Volume One). 
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0201'/0.0; = ke and O0,'/O0, = hike it follows that 


0,0)’ 0201" — 020; 0,0/  O0;' — 00, 
—— = ——_———_ =k, - 1 d — = ——— = hk. — 1; 
0:0; 010; "00:1 00; et 
dividing the first of these equations by the second we have 
kg — 1 ko —1 
ae ae or finally O00, = — 0.0, . 


0.0,  kyke — 1’ kiko — 1 


Note that along the way we have proved the following important 
theorem:t 


THEOREM on the three centers of similarity. Let the figure Fy, be 
centrally similar to the figure F with similarity center O,, and let it also 
be centrally similar to the figure F’ with similarity center O2. If O, does 
not coincide with O2., then the line O,O2 passes through the center of 
similarity O of the figures F and F’ (Figure 18a), or ts parallel to the 
direction of the translation carrying F into F’ (Figure 18b). If O; co- 
incides with O., then O, is the center of similarity also for F and F' 
(Figure 18c). 


If O, is different from O, then the line O,0: is called the axts of stmilarity 
of the three figures F, F, and F’; if O, coincides with O, then this point 
is called the center of similarity of the figures F, F, any F’. 

Usually the theorem on the three centers of similarity is formulated 
somewhat less precisely as follows: the three centers of similarity of three 
pairwise centrally similar figures lie on a line.t 

As an example consider the case of three circles $,, Se and S;. In 
the general case, when no two of them are congruent, each pair of circles 
has two centers of similarity, the exterior center and the interior center, 
so that in all there are six centers of similarity lying on four axes of 
similarity (Figure 19). If two of the circles are congruent, then they do 
not have an exterior center of similarity. Thus there are five centers of 
similarity lying on the four axes of similarity; if all three circles are con- 
gruent to one another, then there are three centers of similarity and three 
axes of similarity. Also, all the axes of similarity are distinct 1f the centers 
of the three circles do not lie on a line; if the centers are collinear, then 


¢ An entirely different proof of this theorem is outlined in the last paragraph of 
Chapter II, Volume Three. 


t The case when the three centers of similarity coincide is included in this formula- 
tion, which is valid in all cases when three centers of similarity exist. The lack of 
precision mentioned in the text consists in the fact that here we have excluded from 
consideration the case when two of the three figures F, F, and F’ are congruent 
(are obtained from one another by a translation). In this connection see Section 2 of 
Chapter I, Volume Three. 
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the axes of similarity all coincide, in which case it may happen that three 
of the centers of similarity coincide, so that one of the four axes of 
similarity of the three circles becomes a center of similarity.T 


Figure 19 


There is an elegant stereometric proof of the theorem on the three centers of simi- 
larity. Let us designate the plane in which the three figures F, Fi and F’ lie by the 
letter x. Extend the figures F, Fi and F’ to be spatial figures F, F, and F’, pairwise 
centrally similar with the same similarity centers O, , O2. and O (Figure 20); {if F’ is 
not centrally similar to F but is obtained from F by a translation, then F’ is obtained 
from F by the same translation. Let A be an arbitrary point of F that does not lie in 
the plane z, and let A; and A’ be the corresponding points in F; and F’. Then the 
line A,A passes through O, , 4,4’ passes through QO, , and AA’ passes through O (or 
is parallel to the direction of the translation carrying F into F’). Hence, if O, and O, 
coincide, then the lines 4,A and A’A, also coincide; therefore the line AA’ will also 
coincide with A.A; and A,A’, which means that the point O, their point of intersection 
with the plane z, coincides with O, and O;,. If O, * 02, then the plane through 
A, A, and A’ meets = in a line / that passes through all three centers of similarity O; , 
O, and O, or passes through O, and O; and is parallel to the direction of the translation 
carrying F into F’. 


¢ The reader is urged to draw figures for himself, illustrating all the possible cases. 


t The definition and properties of central similarities (dilatations) in space are 
analogous to the definition and properties of central similarities in the plane. 


21. 


22. 


23. (a) 
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Figure 20 


Let the circle S be tangent to each of the circles $, and S:. 
Prove that the line joining the points of tangency passes through 
a center of similarity of 5S; and S» (the exterior center, if S is 
tangent to $, and 5S, in the same sense, that is, internally 
tangent to both or externally tangent to both; the interior 
center otherwise). 


This problem occurs in another connection in Section 1, Chapter II, 
Volume Three (see Problem 212). 


Use the theorem on the three centers of similarity to derive a 
new solution to Problem 13c. 


Let the circles S; and S2 be externally tangent at the point M, 
(that is, they touch at this point and neither lies inside the 
other); let the circles S. and S; be externally tangent at M2, 
and let S3 and 5S, be externally tangent at M; (Figure 21a). 
Let A, be an arbitrary point of S,, and let A, be the second 
point of intersection of the line A,M, with S,; let A3 be the 
second point of intersection of A:M@2 with S;, and let A, be the 
second point of intersection of A3;M3 with S,. Prove that A; 
and A, are diametrically opposite points of 5; .T 


Generalize the result of this exercise to the case of an arbi- 
trary odd number of tangent circles. 


t If, for example, A; = M;, then the line A:M: must be replaced by the tangent 
to S; at M;,sothat A; = M; also. 
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Figure 21a Figure 21b 


(b) Let the circles 5, and S_ be externally tangent at the point M; ; 
let the circles S, and S; be externally tangent at M2; let the 
circles $3; and S, be externally tangent at M;; finally, let S, 
and 5S, be externally tangent at M, (Figure 21b). Let A: be an 
arbitrary point of S,, and let Az be the second point of inter- 
section of the line A;4/, with S2 ; let A3 be the second point of 
intersection of A2M. with S53; let Aa be the second point of 
intersection of A3M3 with S,, and let As be the second point of 
intersection of A.M, with S,. Prove that A; and As coincide. 

Generalize the result of this problem to the case of an arbi- 
trary even number of tangent circles. 


Figure 21c 


{ See the preceding footnote. 


24. 


25. 


(c) 


(d) 
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With the notations of part (a), let A, be the second point of 
intersection of line A,M, with S2, let Ag be the second point of 
intersection of A,M, with S3, and let A; be the second point of 
intersection of AM; with S, (Figure 21c). Show that the point 
Az coincides with A .T 

Generalize this result to the case of an arbitrary number of 
tangent circles. 


In what ways are the results of the preceding three parts, (a), 
(b), (c), changed if we do not insist that in each the circles be 
externally tangent to one another? 


Let the circles R and S be externally tangent at the point M, 
and let ¢ be a common tangent to these two circles, meeting them 
in the points NV and P respectively (Figure 22). Let A be an 
arbitrary point of R, and let B be the second point of intersection 
of the line AM with S. Through N draw a line parallel to PB, 
and let this line meet R in the point C. Prove that A and C are 
diametrically opposite points on the circle R. 


Figure 22 


Let ABC be a given triangle, and let & be a line parallel to BC 
which meets sides AC and AB in points K and L respectively; 
let m be a line parallel to CA meeting sides BA and BC in 
points M and N; let p be a line parallel to AB meeting sides 
CB and CA in points P and Q. Prove that the points of inter- 
section of AB and KN, of BC and MQ, and of CA and PL, if 
they all exist, are collinear. 


¢ See footnote on p. 31. 
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26. (a) Let P be an arbitrary point in the plane, and let K, L, M 


27. 


(b) 


(a) 


(b) 


be the points that are symmetric to P with respect to the mid- 
points D, E, F of thesides AB, BC, CA ofa given triangle 
ABC. Prove that the segments CK, AL and BM meet in a 
common point Q which is the midpoint of each of them. 


Let the point P of part (a) move around a circle S. What path 
does the point Q describe? 
Let M, N anc P be three points on the sides AB, BC and CA 


of a triangle ABC (or on their extensions). Prove that 


the three points M, N and P are collinear if and only if 


(theorem of Menelaus) ;t 


the three lines CM, AWN and SP are concurrent or parallel if 
and only if 

AM BN CP _ 

BM CN AP 
(theorem of Ceva) .f 


The theorems of Menelaus and Ceva are presented in a different connection in 
Section 2, Chapter I of Volume Three [see Problem 134 (a), (b) J; many applications 
of these important theorems are indicated there. 


28. (a) Using the assertions of Problems 18 (a) and 14 (a) derive a 


new solution to Problem 34 (a) of Section 1, Chapter II, Volume 
One (p. 47). 


t Note that one must prove two theorems: 1) if the points M, N and P lie on 
one line, then 


AM BN CP 


-—=1 


BM CN AP 


(the necessity of the condition), and 2) if 


then the points M, N and P lie on one line (the sufficiency of the condition) ; Problem 
27 (b) is to be interpreted similarly. For the concept of the sign of the ratio of seg- 
ments, see page 12. 
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Figure 23 


(b) Let A,, Az, Az, Aa be four points ona circle S; let O,, Oc, 
O;, O,4 be the centers of the Euler circles [see Problem 17 (a) ] 
of the triangles ArA3A4 ; A,A3A,4 ; A,AeoA, and A, AoA; : 
Show that the quadrilateral O,0.0;0,4 is centrally similar to 
the quadrilateral A,4.A3A, with similarity coefficient 3 
(Figure 23). 


[In other words, if the points A:, Az, Az; and A, all lie on 
a circle, then the four segments joining each of these points to 
the center of the Euler circle of the triangle formed by the other 
three meet in one point and are divided by this point in the 
ratio 2:1. ] 


Let A,, Az, Az and A, be points on the circle S; let Hy, 
H;, H. and H, be the points of intersections of the altitudes of 
triangles A,A2A3, AyA2As, A,A3A4 and A,A3A,. From the 
eight points A;, Az, As, As, 41, He, Hz and M,, select 
all triples with the property that their subscripts are distinct, 
and consider all the triangles having these triples of points for 
vertices (for example, A A)A24, and A A;H2A, are admis- 
sible, while A A,A3H; is not, since A; and H;3 have the same 
subscript). There are (8-6 - 4)/6 = 32 of them. For each 
of these triangles an Euler circle can be constructed [see Prob- 
lem 17 (a) J. Prove that 


(a) among these 32 circles only eight are distinct; 
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(b) these eight circles are all congruent and meet in a single point; 


(c) they can be divided into two sets such that the centers of the 
four circles in either set are centrally similar to the four points 
A,, Az, Az, Aa with similarity coefficient 4 and to the four 
points H,, 42, H;, H, with similarity coefficient —3. 


2. Spiral similarity and dilative reflection. Directly similar 
and oppositely similar figures. 


Let F, be the figure centrally similar to the figure F with center O and 
positive similarity coefficient k. Rotate F, through an angle a about the 
point O into the position F’ (Figure 24). The transformation carrying 
F into F’ is called a spiral similarity. Thus, a spiral similarity is char- 
acterized by two magnitudes: the similarity coefficient k and the angle of 
rotation a. The point O is called the center of the spiral similarity. 


F’ 
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-~ 
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Figure 24 


Spiral similarities can also be realized as follows: first rotate F about 
the center O through the angle a into the position F, , and then perform 
the central similarity with similarity center O and similarity coefficient &, 
carrying F, into F’. In other words, @ spiral similarity with center O, 
rotation angle a and similarity coefficient k is the sum of a central similarity 
with center O and similarity coefficient k and a rotation about O through the 
angle a, taken in either order.t It follows from this that if F’ is obtained 


{ Such transformations are sometimes called rotary dilatetions (this name is cus- 
tomary, for example, in mathematical crystallography) . 


t It follows from this that a spiral similarity is a s¢miarity transformation in the 
sense of the definition on page 6 of the introduction to this volume, because a central 
similarity is a similarity transformation, and a rotation is an isometry. 


SIMILARITY TRANSFORMATIONS 37 


from F by a spiral similarity with center O, rotation angle a and similarity 
coefficient k, then, conversely, F can be obtained from F’ by a spiral 
similarity (with the same center O, rotation angle —a and similarity 
coefficient 1/); thus we can speak of figures obtained from one another 
by spiral similarities. 


Figure 25 


A spiral similarity carries each line / into a new line /’ (Figure 25a). 
To construct /’ one must first construct the line J, , centrally similar to 
1 with similarity center O and similarity coefficient &, and then rotate ), 
about O through the angle a into the position l’. The lines / and /’ form 
an angle a (see Volume One, page 30). A circle S is carried by a spiral 
similarity into a new circle S’ (Figure 25b); the center A’ of S’ is the 
image of the center A of S under the spiral similarity, the radius r’ of S’ 
is equal to kr, where r is the radius of S and & is the similarity coefficient. 

A rotation about a point is a special case of a spiral similarity (with 
similarity coefficient & = 1 ). This allows us to generalize some of the 
problems of Volume One, whose solutions used rotations; in the solutions 
of the more general problems one must use spiral similarities instead of 
rotations. Thus, with the conditions of Problem 18 of Section 2, Chapter 
I, Volume One, the equilateral triangle can be replaced by a triangle 
similar to an arbitrarily given triangle; with the conditions of Problem 
20 one can require that the chords that are cut off on the desired lines 
and I, by the circles S,; and S, have an arbitrarily given ratio. The solu- 
tions of these generalizations of Problems 18 and 20 are analogous to the 
solutions of the original problems; we leave it to the reader to carry 
them out for himself. 

Another special case of a spiral similarity is a central similarity (a 
central similarity with coefficient & is a spiral similarity with rotation 
angle a = 0° if k > 0, and with angle a = 180° if k <0). Corre- 
sponding to this one can generalize some of the problems of Section 1 of 
this chapter: in the solutions of the new problems one must use spiral 
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similarities instead of central similarities. Thus, for example, with the 
conditions of Problem 1 one can ask for points B and C such that the 
segments AB and AC do not lie on one line J, but on two lines / and m, 
passing through the point A and forming a given angle a (see also 
Problem 34, which is a generalization of Problem 13 (c) of Section 1). 

The only fixed point of a spiral similarity (other than the identity 
transformation, which can be regarded as a spiral similarity with rota- 
tion angle 0° and similarity coefficient 1) is the similarity center O. A 
spiral similarity that is not a central similarity (that is, a spiral similarity 
with rotation angle different from 0° and 180°), has no fixed lines. 


30. (a) In a given triangle ABC inscribe a triangle PXY (the point P 
is given on side AB) similar to a given triangle LMU. 


(b) In a given parallelogram ABCD inscribe a parallelogram similar 
to a given parallelogram KLMN. 


31. Let S, and S2 be two given intersecting circles, and let A be one 
of the points of intersection; let a line through A be given, and 
let it meet S,; and S. in M; and Mz respectively; let N be the 
point of intersection of the tangents to the circles at M, and 
M,; through the centers O, and O2 of the circles draw lines 
parallel to M,N and to M2N, and let J be their point of inter- 
section (Figure 26). Prove that the line JN always passes 
through a certain point, and that the segment JN always has 
the same length (independent of the choice of the line M,A M2). 


N 
Figure 26 
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32. (a) Construct a quadrilateral ABCD that can be inscribed in a 
circle and whose sides have given lengths AB =a, BC =b, 
CD =c, DA = d. 


(b) Construct a quadrilateral A BCD, given the sum of the opposite 
angles B and D, and given the lengths of the sides AB = a, 
BC =6, CD=c, DA =d. 


Problem (a) is a special case of Problem (b). 


33. Let R and S be two intersecting circles, and let M be one of the 
points of intersection; let / be any line through M, and let / 
meet R and S in points A and B.t As / varies, find the locus of: 


(a) the point Q that divides the segment AB in a given ratio 
AQ/QB = m/n; 


(b) the vertex C of the equilateral triangle ABC constructed on the 
segment AB; 


(c) the endpoint P of the segment OP, laid off from a fixed point O 
and equal to, parallel to, and having the same direction as the 
segment AB.t 


34. Construct a circle S tangent to two given lines 4, and and 
cutting a given circle S at a given angle a. [By the angle between 
iwo circles we mean the angle between their tangent lines at the 
point of intersection. The angle between tangent circles is zero; 
circles that do not intersect do not form any angle. | 


Let the figure F’ be obtained from the figure F by a spiral similarity 
with rotation angle a and similarity coefficient k (Figure 27). Let AB 
and A’B’ be any two corresponding segments in these two figures. In 
this case A’B’/AB =k (because in Figure 27, where F, is obtained 
from F by a rotation through the angle a and F’ is obtained from F; by a 
central similarity with coefficient k, wehave A,B, = AB; A’B’/A,B, =k), 
and the angle between the segments A’B’ and AB is equal to a (because 
the angle between AB and A,B, is equal to a and A’B’ || A,B, ). There- 
fore, corresponding segments in the figures F’ and F have a constant ratio 
k and form a constant angle a. Let us now prove that, conversely, if to 
each point of F there corresponds a point of F’ in such a manner that 
corresponding segmenis in these figures have a constant ratio k and forma 


{ If, for example, / is tangent to S, then the point B = M (compare footnote f on 
page 31). 


t In other words, in Problem 33 (c) we are required to find the locus of the end- 
points of the vectors OP = AB, laid off from a fixed point O. 
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constant angle a (the segments of the figure F become parallel to the 
corresponding segments of the figure F’ when they are rotated through 
an angle a in a definite direction), then F and F" are related by a central 
similarity. Indeed, let M and M’ be any two corresponding points of F 
and F’ (Figure 27). On the segment MM’ construct a triangle MM'O 
such that OM’/OM =k and XMOM’ = a.f (If a> 180°, then we 
construct the triangle with x MOM’ = 360° — a.) 


Figure 27 


The spiral similarity with center O, rotation angle a and coefficient & 
carries M into M’; let us prove that it carries each point A of F into its 
corresponding point A’ of F’. Consider the triangles OMA and OM’A’. 


¢ One must first make a preliminary construction of a triangle T with vertex angle 
a and with the ratio of the adjacent sides equal to k. Since T is similar to MOM’, T 
determines the angles at the base MM’ of triangle MOM’. 

Triangle MM’O is constructed on that side of the segment 4M’ such that the 
directed rotation through the angle @ carrying the line OM into the line OM’ coin- 
cides with the directed rotation through the angle a that makes the segments of F 
parallel to the corresponding segments of F’. 

The point O can also be found as the intersection of the circular arc each point of 
which subtends an angle a with the segment MM’, and a second circle—the locus of 
points the ratio of whose distances to M and M’ is equal to & (see, for example, Jn- 
troduction to Geometry, by H. S. M. Coxeter, Chapter 6 on the circle of Apollonius; 
also see Problem 257 in Section 4 of Chapter II, Volume Three). 
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In these triangles OM’/OM = M'A'/MA (since OM’'/OM =k by 
construction and M’A’/MA = k by hypothesis) and XOMA = XOM’A’ 
(because the angle between OM and OM’ is equal to a by construction 
and the angle between MA and M’A’ is equal to a by hypothesis; see 
Volume One, page 33); hence they are similar. From this it follows 
that OA’/OA =k; also, XAOA’ = XMOM' =a = (because 
XAOM = XA’'OM’ ). But this means that our spiral similarity carries 
A into A’. 


Now it is easy to answer the question: what is the sum of two spiral 
similarities? Let the figure F, be obtained from the figure F by a spiral 
similarity with center O,, similarity coefficient &, and rotation angle 
o,f and let the figure F’ be obtained from the figure F, by a spiral 
similarity with center O., similarity coefficient ke and rotation angle 
a2; let AB, A,B, and A’B’ be corresponding segments in these three 
figures (Figure 28). Then, A,B,/AB = k,, and the segments AB and 
A,B, form an angle a; A’B’/A,B, = ke, and the segments A,B, and 
A’‘B’ form an angle a,. Therefore, 


and the segments AB and A’B’ form an angle a + a2 (see the footnote 
on page 32 of Volume One). Thus corresponding segments in the figures 
F and F’ have a constant ratio k,k. and form a constant angle a, + a. 
By what has been proved above this means that the figure F’ is obtained 
from F by a spiral similarity with rotation angle a, -+ a2 and with 
similarity coefficient k,k,, or, in case a, + a, = 360° and kk = 1, 


¢ Here and in what follows angles of rotation are always measured in one fixed 
direction, for example, the counter-clockwise direction. 
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by a translation. Thus the sum of two spiral similarities with similarity 
coefficients ky and kz and rotation angles a, and az is a new spiral simi- 
larity with similarity coefficient kk. and rotation angle a, + a2; in the 
excluded case, when kk, = 1 and a, + a = 360°,t the sum of the two 
spiral similarities 1s a translation.} 


a, 
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Figure 29 


Let us find the center O of the spiral similarity (or the direction and 
magnitude of the translation) represented by the sum of two given spiral 
similarities. If their centers O, and QO, coincide, then, clearly, O coincides 
with this point. Now assume that O, does not coincide with O2. The 
sum of the two spiral similarities carries the point O; into a point QO)’, 
and, in fact, the second rotation alone carries O; into this point (since 
the first rotation leaves QO, fixed) ; it is not difficult to construct the point 
O,’. The sum of the two transformations carries some point O2 into the 
point O, , and, in fact, the first rotation alone carries this point into O, 
(since the second rotation leaves O, fixed); QO. is easy to construct. 
Hence, if kiko = 1 and a + a2 = 360°, then the segments 0,0,’ and 
O20, are equal, parallel and have the same direction (Figure 29a); each 
of these segments gives the magnitude and direction of the translation 
that is the sum of our two spiral similarities. If the sum of the two spiral 
similarities is another spiral similarity, then this new spiral similarity 
carnes the segment 0,0. into O,'O. (Figure 29b). 


t More precisely, a: + a2 is a multiple of 360° (see the footnote of page 34 of 
Volume One). 


t We urge the reader to attempt to find an independent proof of the theorem on 
the addition of spiral similarities, using only the definition of such transformations, 
without using the fact that if the corresponding segments in two figures have a con- 
stant ratio and form a constant angle then they may be obtained from one another by 
spiral similarity. 
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We now show how to construct the center O of the spiral similarity 
carrying a given segment AB into another given segment A’B’ (in our 
case 0,02 into O,’O.).¢ If the angle between the segments is 180° or 360° 
and the segments are not equal, then the spiral similarity becomes a 
central similarity; in this case O is the point of intersection of the lines 
AA’ and BB’ (Figure 30a). Suppose now that the angle between the 
segments is not a multiple of 180°, that is, the segments AB and A’B’ 
are not parallel; let P denote the point of intersection of AB and A’B’ 
(Figure 30b). Then the circles circumscribed about the triangles A A’P 
and BB’ P pass through the rotation center O: indeed, { AOA’ = X APA’ 
(the angle of rotation AOA’ is equal to the angle APA’ between the 
segments AB and A’B’); analogously <BOB’ = <BPB’;{ therefore 
the center O can be found as the second point of intersection of the circles 
circumscribed about triangles AA'P and BB'P (see Figure 30b). 
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Figure 30 


t To find the center O one can also carry out an auxiliary construction of a triangle 
with vertex angle a ++ az [or 360° — (a: + a2) ] whose adjacent sides have the 
ratio kk, , and in this manner determine the base angles of triangle 0’,0,0 (see the 
footnote on page 40). 


t See the second footnote on page 50 of Volume One. 
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If these two circles are tangent at P (Figure 30c), that is, if 
XPAA' = {PBB’ (these angles are both equal to the angle between 
the line PA’B’ and the common tangent to the circles at P), thenO = P 
(since from the similarity of triangles PAA’ and PBB’ we have 
PA’'/PA = PB'/PB). 

Let us note too, that the center of the spiral similarity carrying AB 
into A’B’ coincides with the center of the spiral similarity carrying AA’ 
into BB’; indeed if AOA’ = X BOB’ = a, andOA’/OA = OB'/OB = k, 
then XYAOB = XA’OB’ =8 (in Figure 31, B =a+ XA’OB) and 
OA/OB = OA'/OB’ = l. It follows that the center O can also be found 
as the point of intersection of the circles circumscribed about triangles 
ABQ and A’'B'Q, where Q is the point of intersection of the lines AA’ 
and BB’ (or as the point of intersection of the lines AB and A’B’, if 
AA’ || BB’; this last case, pictured in Figure 30c, will hold when the 
circles circumscribed about triangles AA’P and BB’P are tangent at P). 


N 
Figure 31 


35. Four lines ,, &, Js and J, are given in the plane, no three of 
which meet in a point and no two of which are parallel. Prove 
that the circles circumscribed about the four triangles formed 
by these lines meet in a common point (Figure 32). 


See also Problem 62 (a) in Section 1, Chapter IIT (page 77). A far reach- 
ing generalization of Problem 35 will be found in Problem 218 (a) in Sec- 
tion 1, Chapter II of Volume Three. 


36. Let S, and Sz be two circles with centers O, and O, , meeting in 
a point A. Consider a fixed angle a with vertex at A. Let M, 
and Mz; be the points of intersection of the sides of this angle 
with the circles S, and S;, and let J be the point of intersection 
of the lines 0,44; and O.M;2 (Figure 33). 
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Figure 33 


(a) Show that as the angle is rotated about the point A, the circle 
circumscribed about triangle M@,M/.J always passes through a 
certain fixed point O. 


(b) Find the locus of all the points O of part (a), corresponding to 
all possible angles a. 


37. 


38. 


(a) 


(b) 
39. 
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Construct an 2-gon, knowing the vertices M,, M2, -°-, Mn 
of the triangles constructed on its sides as bases and similar 
to m given triangles. Under what conditions will the problem 
have no solution, and when will it have more than one solution? 


This problem is a generalization of Problem 21, Section 2, Chapter I, 
of Volume One, page 37. 


Let S, and S2 be two circles intersecting in points M and N. 
Let A be an arbitrary point on 5S, , let B be the second point of 
intersection of the line AM with the circle S., let C be the 
second point of intersection of the line BN with S,, let D be 
the second point of intersection of CM with S,, and let E be 
the second point of intersection of DN with S, .f 


Prove that the distance AE does not depend on the choice of 
the initial point A on S;, but only on the two circles S; and S,. 


How must 5, and 5S» be situated for E to coincide with A? 


Let 5,, Sz and 53 be three circles, each of which intersects 
both of the other two, and let A, be an arbitrary point on S;. 


t Several exceptional cases can occur. First, for example, if A = M, then the line 
AM is replaced by the tangent to S; at M. 

Second, if A is so placed then AM is tangent to S; , then B is taken to coincide with 
M, and therefore C coincides with M also; then just as in the first case the line CM 
must be replaced by the tangent to S, at M. Compare the footnote to Problem 23 (a), 


page 31. 
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(a) Assume that the three circles have a common point of inter- 
section V, and let M,, M2, Ms be the second points of inter- 
section of S; and S2:, Sz and S3;, S3 and S;, respectively 
(Figure 34a). Let A be the second point of intersection of the 
line A,M, with S,, let A; be the second point of intersection of 
A;,M, with S;, and let A, be the second point of intersection 
of A3;M; with 5S; .f Prove that A, coincides with A; . 


A, A, 


Figure 34b 


(b) Now assume that there is no common point of intersection of 
the three circles, and let S; and S2 meet in the points M; and 
N,, let S, and S; meet in the points M, and Ne, let S; and S; 
meet in the points Mz and Nz (Figure 34b). Let A» be the 
second point of intersection of A,M/,; with S2, let Az be the 
second point of intersection of A2M2 with S;, let A, be the 
second point of intersection of AzM/; with S,, let As; be the 
second point of intersection of A,V, with Sz, let Ag be the 
second point of intersection of AsN2 with 53, and let Az be the 
second point of intersection of AgNV3 with 5S, .[ Prove that A; 
coincides with A. 


Generalize the results of Problems 39 (a) and (b) to the 
case of an arbitrary number of pairwise intersecting circles. 


t If, for example, 4:M, is tangent to S; at M, then A: is considered to coincide with 
M, ; on the other hand, if the point A: coincides with M; then, by the line A2M; , we 
mean the tangent to S; at Ms (compare the footnote to Problem 38). 


t See the footnotes to Problems 38 and 39 (a). 
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40. Let S; and S_ be two circles intersecting in two points M and N, 
let J be a line, and let A be an arbitrary point on S,. 


(a) Let / meet S,; in points K and L, and let it meet Sz in points P 
and Q (Figure 35a). Let B be the second point of intersection 
of the line AM with the circle S.. Let C be the second point of 
intersection of the line KC || BP with S,, let D be the second 
point of intersection of the line CN with S:, and let E be the 
second point of intersection of the line LE|| DQ with 5S, .f 
Prove that E coincides with A. 


Figure 35a 


(b) Let the line / be tangent to S, and S2 at the points K and P 
(Figure 35b). Let B be the second point of intersection of the 
line AM with Sz, let C be the second point of intersection of the 
line KC || BP with S,, let D be the second point of intersection 


Figure 35b 


t See the footnotes to Problems 38 and 39 (a). 
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of CN with S., and let E be the second point of intersection of 
the line KE|| DP with S,.ft Prove that E and A coincide. 


Let the figure F,; be centrally similar to the figure F with similarity 
center O and (positive!) similarity coefficient k; let F’ be the figure ob- 
tained from F, by reflection in some line / through O (Figure 36). In 
this case we say that F’ is obtained from F by a dilative reflection with 
similarity coefficient k; the point O and the line / are called the center and 
the axis of the dilative reflection. The same dilative reflection can be 
realized in a different manner: first perform a reflection in the line J, 
carrying F into the figure F,, and then perform the central similarity 
with center O and coefficient k, carrying F, into F’. In other words, a 
dilative reflection is the sum of a central similarity with center O and a 
reflection in a line | through O, performed in either order. 


Figure 36 


t See the footnotes to Problems 38 and 39 (a). 


tIt follows that a dilative reflection is a similarity transformation in the sense of 
the definition given in the introduction to this volume (since it is the sum of a similarity 
transformation and an isometry). 
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Figure 37a 


Figure 37b 


Clearly, if the figure F’ is obtained from F by a dilative reflection, then 
conversely, F may be obtained from F’ by a dilative reflection (with 
the same center O and axis /, but with similarity coefficient 1/k); this 
permits us to speak of figures obtained from one another by dilative 
reflections. A dilative reflection takes a line » into a new line m’ (Figure 
37a), and takes a circle S into a new circle S’ (Figure 37b). 

The only fixed point of a dilative reflection (that is not simply a reflec- 
tion in the line /, which can be regarded as a dilative reflection with 
similarity coefficient & = 1) is the center O of the transformation. The 
only fixed lines of a dilative reflection (that is not a reflection in a line) 
are the axis / of the transformation and the perpendicular to / at O. 


41. 


42. 


—Z 


(a 
(b) 


(c) 


43. 


(a) 
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Let a line /, a point A on it, and two circles S$; and S, be given. 
Construct a triangle ABC in which the line / is the bisector of 
the angle A, the vertices B and C lie respectively on the circles 
S, and 5S, and the ratio of the sides AB and AC has a given 
value m:n. 


Construct a quadrilateral ABCD whose diagonal bisects the 
angle A, given 


sides AB and AD, the diagonal AC, and the difference of the 
angles B and D; 


sides BC and CD, the ratio of sides AB and AD, and the differ- 
ence of angles B and D; 


sides AB and AD, the diagonal AC, and the ratio of sides BC 
and CD. 


Solve Problem 42 replacing the condition that the diagonal AC 
be the bisector of angle A by the more general condition that 
angles BAC and DAC have a given difference +. 


Two lines J; and 2, are given in the plane. With each point M 
in the plane we associate a new point M’ in the following manner: 


Let m be a line through M such that the segment PQ included 
on this line between /, and i, is bisected by M.f Let P’ be the 
orthogonal projection of P on 2 , let Q’ be the orthogonal projec- 
tion of Q on /, , and let M’ be the midpoint of P’Q’ (Figure 38a). 


— om 


Q, 


eqrewa 


Figure 38a 


t To construct m it is sufficient to pass an arbitrary line » through M, cutting /, in 
P,, and to lay off MQ, = MP, ; then we will have QQ, ||, (Figure 38a). 
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Figure 38b 


(b) Let O be the point of intersection of J, and J, , let 4, and M; be 
the orthogonal projections of M onto /; and /,, and let M’ be 
the point of intersection of the altitudes (that is, the orthocenter) 
of triangle OM, (Figure 38b). 


Suppose now that M describes a circle S; what will be the 
locus described by M’? 
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Figure 39b 


Just as we distinguished between directly congruent and oppositely 
congruent figures (see Volume One, page 61), we shall distinguish two 
kinds of similar figures in the plane. Two similar figures F and F’ will 
be called directly similar if the figure F,, centrally similar to F with 
similarity coefficient equal to the ratio of corresponding segments in F’ 
and F, is directly congruent to F’ (Figure 39a) ; on the other hand, if F; 
is oppositely congruent to F’ then we shall say that F and F’ are op- 
positely similar (Figure 39b). We shall say that two figures are similar, 
without further qualification, only when it does not matter to us if they 
are directly or oppositely similar. To decide whether two given similar 
figures F and F’ are directly similar or oppositely similar it is sufficient 
to consider any three non-collinear points A, B, C of F, and the cor- 
responding points A’, B’, C’ of F’. If F and F’ are directly similar, 
then the (similar) triangles ABC and A’B’C’ have the same direction 
around the boundary; otherwise they have opposite directions around 
the boundary (see Figure 39a and b). 

Let us now prove the following two important theorems. 


THEOREM 1. Any two directly similar figures in the plane can be made 
to coincide by means of a spiral similarity or by a translation. 


{It follows from this theorem that any two directly similar but non-congruent 
figures in the plane can be made to coincide by means of a spiral similarity (since 
if the figures could be made to coincide by means of a translation, then they would 
be congruent). 
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The proof of this theorem hardly differs at all from the proof of Theo- 
rem 1 of Section 2, Chapter II, Volume One (pp. 61-63) : First of all it 
is easy to show that any two segments AB and A’B’ can be made to 
coincide by means of a spiral similarity with rotation angle equal to the 
angle between the segments, and with similarity coefficient equal to the 
ratio of the segments; the only exception occurs when the segments are 
equal, parallel, and have the same direction, in which case they can 
be carried into each other by a translation (see page 40, and Volume 
One, pp. 18-19, where a more general statement is proved concerning 
arbitrary figures). Now by means of a spiral similarity or a translation, 
carry some segment AB of the figure F into the corresponding segment 
A’B’ in the figure F’, directly similar to F. It is not difficult to show that 
the entire figure F is taken into F’; the proof of this is entirely analogous 
to the concluding part of the proof of Theorem 1, Section 2, Chapter IT, 
Volume One. 

If F and F’ can be made to coincide by means of a spiral similarity 
with center O, then O is called the rotation center (or sometimes the 
similarity center) of F and F’. To find the rotation center O of two directly 
similar figures F and F’, it is necessary to choose a pair of corresponding 
segments AB and A’B’ in these figures. If the lines AB and A’B’ intersect 
in a point P, and if AA’ and BB’ intersect in Q, then O is the other 
point of intersection of the circles circumscribed about triangles PAA’ 
and PBB’, or is the second point of intersection of the circles circum- 
scribed about triangles QAB and QA’B’ (see pages 43-44). If 
AB || A’B’, then O coincides with Q; if AA’ || BB’, then O coincides 
with P. Finally, if AB|| A’B’ and AA’ || BB’, then the segments AB 
and A’B’ are equal, parallel and have the same direction; in this case 
the figures F and F’ are carried onto each other by a translation and 
there is no center of rotation. 


THEOREM 2. Any two oppositely similar figures in the plane can be 
made to coincide by means of a dilative reflection or by means of a glide 
reflection.t 


The proof of this theorem is very similar to the proof of Theorem 2 of 
Section 2, Chapter II, Volume One (pp. 64-65). Let A and B be any 
two points of F, and let A’ and B’ be the corresponding points of the 
figure F’, oppositely similar to F. We shall prove that there is a dilative 
reflection (or a glide reflection) carrying the segment AB into the seg- 
ment A’B’. Indeed, let / be the axis of a dilative (or glide) reflection 
carrying AB into A’B’ (Figure 40). Translate A’B’ into the new position 
AB. The segment A,B,, obtained by reflecting AB in J, is centrally 


{ It follows from this theorem, in particular, that any two oppositely similar, but 
not congruent, figures in the plane can be obtained from each other by means of a 
dilative reflection (since if the figures can be made to coincide by a glide reflection, 
then they are congruent). 
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similar to A’B’ or it is obtained from A’B’ by a translation; consequently 
the segments A,B, and AB are parallel to A’B’. Since A,B, is the reflec- 
tion of AB in / and is parallel to AB, it follows that / is parallel to the 
bisector 4) of angle BAB. 


Figure 40 


Further, suppose that A’B’ + AB, and that O is the center of the 
dilative reflection carrying AB into A’B’. Then / is an angle bisector of 
triangle AOA,, and hence of triangle AOA’. Therefore the line AA’ 
crosses / in a point M such that 

A’M OA’ OA’ A'‘B’ 


MA OA OA, A,B, 


or 
A'M A’B’ 


MA AB 

Thus if we know the segments AB and A’B’ then we can construct the 
line /: it is parallel to the bisector of angle BAB and divides the segment 
AA’ in the ratio A’B’/AB. [This construction works even when 
A'B' = AB; see the proof of Theorem 2 of Section 2, Chapter II, 
Volume One. ] A reflection in / carries the segment AB into the segment 
A;B,, parallel to A’B’. A,B, can be carried into A’B’ by means of a 
central similarity with center O at the point of intersection of A’A; and 
lL (because OA’/OA,; = OA'/OA = A’M/MA = A’B'/AB) or by a 
translation in the direction of the line /. Thus we have found the dilative 
(or glide) reflection whose existence we wished to show. The concluding 
part of the proof of Theorem 2 is almost word for word the same as the 
concluding part of the proof of Theorem 2 of Chapter II, Volume One, 
and therefore we suppress it here. 
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The results of Theorems 1 and 2 can be formulated in the following 
general proposition: 


Any two similar figures in the plane can be carried into each other by 
means of a spiral similarity, or a dilative reflection, or a translation, or a 
glide reflection.t 


This proposition can be made the basis for a definition of similarity 
transformation in the plane (see Volume One, pp. 68-70). Namely, a 
similarity transformation is any transformation of one of the following 
four types: 

1) spiral similarities (including central similarities and rotations 

about points) ; 

2) dilative reflections; 

3) translations; 

4) glide reflections (including reflections in lines). 

It is natural to call transformations of types 1) and 3) direct similarities 
(they carry directly similar figures into one another), and to call trans- 
formations of types 2) and 4) opposite similarities sCiney carry oppositely 
similar figures into one another). 

Theorems 1 and 2 enable us to generalize pioblens 45-47 of Section 2, 
Chapter IT, Volume One, by replacing the requirement that the segments 
AX and BY in Problem 45, AX, BY and CZ in Problem 46, BP, 
PQ and QC in Problem 47 be congruent, by the requirement that they 
have a given ratio (ratios). The solutions of these more general problems 
are analogous to the solutions of the original problems; we recommend 
that the reader solve them for himself. 


From Theorems 1 and 2 it follows that the properties common to all similarity 
transformations are precisely those properties that are common to spiral similarities, 
dilative reflections, translations, and glide reflections (see the definition of similarity 
transformation, above). Thus, for example, every similarity transformation carries lines 
into lines and circles into circles.$ Also, every similarity transformation has etther a fixed 


{ In particular, any two similar but not congruent figures can be carried into each 
other by means of a spiral similarity or by means of a dilative reflection. 


t Incidentally, this property of similarity transformations also follows from their 
definition as those transformations of the plane that preserve the ratio of distances 
between points. Indeed, the line AB can be defined as the set of those points M for 
which the largest of the three distances AM, BM, and AB is equal to the sum of 
the other two, that is, either 


— => Or, He I, Or Se ee 


(Figure 41a). But a similarity transformation that carries the points A and B into 
points A’ and B’ carries the set of points M described above into the set of those 
points M’ for which either 

A'M’' ~~ = B’'M’' B’M'_— A'B' A'M’- A'B’ 
A’'B' + A'B' oe 1, or AM’ me A'M’ = 1, B'M’ T By = 1, 


that is, the line AB is carried into the line A’B’. 
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point or a fixed line, since among the four types of similarity transformation listed 
above the only ones that do not have a fixed point are the translations and the glide 
reflections, but they have fixed lines. Finally, every oppositely similar transformation 
has at least one fixed line. Indeed, a dilative reflection has exactly two fixed lines, while 
a glide reflection has exactly one fixed line, unless the glide reflection reduces to a 
reflection in a line, in which case it has infinitely many fixed lines. 

It is interesting to note that the first of the properties of similarities listed above is 
CHARACTERISTIC for similarity transformations, that is, it can be used as the 
basis for their (descriptive!) definition: any transformation of the plane that carries 
each line into a line and each circle into a circle is necessarily a similarity transformation. 
In other words, any such transformation necessarily preserves the ratio of distances 
between points: if the points A, B, C, D are carried by the transformation into 
points A’, B’, C’, D’ then 


cD’ _ cD 


A'B’ AB’ 


This fact underlines the basic role of similarity transformations in elementary geom- 
etry, the study of properties of lines, circles, and of figures bounded by line segments 
and circular arcs. 

To prove the above italicized propositiont we must show that a transformation 
which carries straight lines into straight lines and circles into circles carries each pair 
of points A, B, d units apart, into a pair of points A’, B’, d@’ units apart, where d’ 
depends only on d and not on the particular choice of the points A, B! This can be 
shown, for example, by the following reasoning. 

We first note that any transformation of the plane onto itself that carries lines into 
lines must necessarily carry parallel lines into parallel lines. Indeed, if our transforma- 
tion were to carry two parallel lines &, / into lines ’, I’ intersecting at some point 
M (Figure 42), then the point that is carried into the point Mf would have to lie on 
both & and /, and there is no such point. 


M, 


M, 
Figure 41a Figure 41b 


In an analogous manner a circle with center O can be defined as the set S of points 
with the property that if 3f, and M; are any two points of S then OM, = OM;, that 
is, OM,/OM2 = 1 (Figure 41b). But a similarity transformation carrying the point 
O into some point 0’ also carries the set S described above into a set S’ of points with 
the property that if af; and M¢ are any two points of S’ then OM{/OM3 = 1. In 
other words, the transformation carries circles with center O onto circles with center O’. 


+ Compare pp. 69-70 in Volume One. 
¢ See also Section 4 of Chapter II, Volume Three. 
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Figure 42 


Further, it is clear that if a transformation carries lines into lines and circles into 
circles, then two circles that meet in two points, or a line and a circle that meet in 
two points, are carried into two circles that meet in two points, or into a line and a 
circle that meet in two points. Also, two tangent circles (that is, two circles having 
exactly one common point), or a circle and a tangent line, are carried into two tangent 
circles, or into a circle and a tangent line. Finally, two circles, or a circle and a line, 
that have no points in common are carried into two circles, or a circle and a line, 
having no points in common. It follows from all this that two congruent circles, that is, 
two circles having parallel common tangents, are carried into congruent circles (Figure 
43). Further, if our transformation carries a circle S into a circle S’ then it must carry 
the center O of S into the center O’ of S’. Indeed, the point O is characterized by the 
fact that any two circles through O and tangent to S are congruent. Likewise, O’ is 
characterized by the fact that any two circles through it that are tangent to S’ are 
congruent (Figure 44). But we have already seen that congruent circles are carried 
into congruent circles, and tangent circles are carried into tangent circles, and there- 
fore O must be carried into O’. 


k 
CE) 
| 
Figure 43 


But now it is clear that if the distances AB and CDP are equal, that is, if the circle 
S; with center A and radius AB and the circle S; with center C and radius CD are 
congruent, then the transformation must carry the points A, B, C, D into points 
A’, B’, C’, D’ such that the circle Sj with center A’ and radius A’B’ and the circle 
S$ with center C’ and radius C’D’ are congruent (Figure 45). Hence if the segments 
AB, CD have the same length, so do the transformed segments A‘B’, C’D’, which was 
to be proved. 
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i : 
<< 
S 
Figure 44 
S; 


Figure 45 


The final part of the proof is fairly standard. In geometry this sort of reasoning 
occurs rather frequently. First note that if three points K, A, B oma line are such 
that KA = AB, then our transformation will carry them into three points K’, A’, 
B’ ona line such that K’'A’ = A’B’ —this follows from the fact that if two segments 
are equal then our transformation carries them into two equal segments (see Figure 
45). It follows at once from this that if the ratio CD/AB = m/n is rational (m and 
n are positive integers), then our transformation carries the points A, B, C, D into 
points A’, B’, C’, D’ such that C’D’/A‘B’ = CD/AB (=m/n). Indeed, the con- 
dition CD/AB = m/n is equivalent to the existence on the line AB of » — 1 points 
A,, Az, **+, Ana, and on the line CD of m—1 points C1, Cz, -°+, Cu, 
such that 


AA = AAs = <9 = AaB = CCQ = Cics ee m-1D; 


but our transformation clearly carries these points into points A’;, A‘s,°**, A’n4; 
‘., BY, °°, Bm+, of which the first n — 1 Jie on the line A’B’, and the final 
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m — 1 points lie on the line C’D’, such that 


(Figure 46a). 

Further, it only remains to note that if MN > PQ, then N lies outside the circle 
S with center M and radius PQ, that is, from N we can draw two tangents to S; it 
follows from this that our transformation carries the points M, N, P, Q, with 
MN > PQ, into points M’, N’, P’, Q’ with M'N’ > P’'Q’ (Figure 47). Therefore, 
if the'ratio of the distances AB and CD is not rational, and if 


eo 2a! 
n AB n 


where m and n are positive integers, then there are points E and F on the line CD 
such that 


and CE < CD < CF. 


CE_m CF_m+1 
% 


a 
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Thus our transformation carries the points A, B, C, D, E, F into points A’, B’, 
C’, D’, E’, F’ such that £2’ and F’ lie on the line C’D’ and 
CE m CF m+1 


and CE < CD < CF 


A'B’ n’ A’B' n 
(Figure 46b). It follows from this that 
m CD m+1 


<< 
n A‘B! n 


In this inequality and in the corresponding inequality for CD/AB the denominator n 
can be arbitrarily large; we conclude that C’D’/A’B’ = CD/AB. 


Figure 47 


45. (a) Let ABCD and A,B,C,D, be two arbitrary squares. Assume 
that the perimeters of the two squares are traversed in the 
same direction, that is, as we go from A to B to C to D, and 
from A’ to B’ to C’ to D’, then the perimeters of the two squares 
are either both traversed in the clockwise direction or are both 
traversed in the counterclockwise direction. Prove that then 
the midpoints of the segments AA,, BB,, CC,, and DD, 
also form a square, or else these four points all coincide. 

Does the conclusion remain valid if the perimeters of the two 
squares are traversed in opposite directions? 


(b) Let ABC and A,B,C, be two equilateral triangles. Using each 
of the segments AA;, BB, and CC, as a base we construct new 
equilateral triangles AA,A*, BB,B* and CC,C*. Assume that 
the perimeters of the five triangles ABC, A,BiC,, AAA%, 
BB,B* and CC,;C* are all traversed in the same direction 
(either all clockwise or all counterclockwise). Prove that the 
three points A*, B* and C* form the vertices of an equilateral 
triangle, or else coincide. 

Does the conclusion remain valid if we do not require that 
all five triangles are traversed in the same direction? 
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46. (a) 


(b) 


47. (a) 


(b) 


(c) 


48. (a) 
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Let ABCD and MNPO be two squares. Prove that if the perim- 
eters of these two squares are traversed in the same direction, 
then 

AM? + CP? = BN? + DO. 


Does this conclusion remain valid if we replace the two 
squares by two similar rectangles? If we do not require that the 
perimeters be traversed in the same direction? 


Let ABCDEF and MNPOQRS be two regular hexagons. Prove 
that if the perimeters are traversed in the same direction, then 


AM? + CP? + ER? = BN? + DQ? + FS. 


Construct a rectangle whose sides pass through four given 
points A, B, C and D, and whose diagonal has a given length. 


Construct a quadrilateral ABCD with given angles and 
diagonals. 


Let four lines passing through a single point be given. Construct 
a parallelogram whose sides have given lengths, and whose 
vertices lie on the four given lines. 


A point M and two lines /; and & are given in the plane. Con- 
struct a triangle ABC such that M divides the side AB in a 
given ratio BM/MA =k, and such that ), and » are the 
perpendicular bisectors of BC and CA. 


(b) Two points M and N and a line / are given in the plane. Con- 


struct a triangle ABC such that M and WN divide the sides AB 
and BC in given ratios BM/MA =k, and CN/NB = k., 
and such that / is the perpendicular bisector of AC. 


CHAPTER TWO 


Further Applications of Isometries 
and Similarities 


1. Systems of mutually similar figures 


In this section we shall consider some systems of mutually similar 
figures having interesting properties. First we consider the simpler case 
of systems of congruent figures. 

Let F and F’ be two congruent figures in the plane. In Section 2 of 
Chapter II, Volume One, it was shown that these figures can be made to 
coincide by means of a rotation or translation, and on the basis of this 
it was asserted that rigid motions within the plane are limited to rota- 
tions and translations.{ There, however, we did not consider the inter- 
mediate positions occupied by the figure during the course of the motion; 
instead our entire attention was directed to the initial and final positions. 
Now, however, we shall be interested in the intermediate positions of a 
moving figure; these positions form a system of mutually congruent 
figures.[ There are infinitely many different systems of this sort, cor- 


t Here and in what follows by the words “congruent figures” we shall always mean 
“directly congruent figures” (see p. 61 of Volume One); two oppositely congruent 
figures cannot in general be made to coincide by means of a rigid motion taking place 
entirely within the plane. 


t We emphasize that we are interested only in the set of different positions of moving 
figures, not in the process of motion itself; thus we shall not at all consider the velocity 
or acceleration of the individual points. Though considerations from mechanics often 
simplify proofs of geometric theorems, we do not have the space to treat this distinc- 
tive chapter of geometry (so-called kinematic geometry) here. [We note that the basic 
Theorems 1 and 2 of this section could also have been proved by the methods of 
mechanics. ] 
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responding to the different possible methods of moving a figure from the 
position F to the position F’; we shall consider only some simple ex- 
amples of such systems. 


Figure 48 


Let the figure F be rotated about the point O; that is, let it move so 
that a certain point O, which we shall assume belongs to the figure, 
remains fixed (Figure 48a). In this case each point A of F describes a 
circle with center O (since the distance OA remains constant) ; each line 
1 of F is either always tangent to a fixed circle with center O, or always 
passes through O (since the distance from O to / remains constant). The 
point O is the rotation center for any two positions of the figure. 

Let us now consider the érenslation of a figure in the direction of a 
given line » (Figure 48b), that is, a motion of the figure in which some 
line p remains fixed (slides along itself). Then each point B of the figure 
describes a line parallel to p (because the distance from B to p remains 
constant) ; each line m, not parallel to p, is moved in such a way that it 
remains parallel to its original position (because the angle between m 
and does not change) ; each line g parallel to p slides along itself (because 
the distance from it to p does not change). Any two positions of F can 
be obtained from each other by a translation in the direction of p. 

If a figure F is moved in the plane in such a way that throughout the 
motion two parallel lines p and g of F always pass through two given 
points A and B of the plane, then the line » slides along itself (since the 
angle between p and the segment AB does not change: the sine of this 
angle is equal to the ratio of the distance between p and g to the Jength 
of the segment AB).? Thus we are dealing with a translation of the 
figure, already considered above (see Figure 48b). The situation is more 
complicated if two non-parallel lines of the figure always pass through 
two given points; such a motion can arise in the following manner: stick 
two pins into the plane and attach an angle to the figure, then move the 
angle so that its two sides always touch the pins. Here we have the 
following theorem: 


T Here we think of the figure F and the lines p and q as sliding over the plane, while 
the points in the underlying plane, such as A and B, do not move. 
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THEOREM 1. If a figure F is moved tn the plane in such a manner 
that two given non-parallel lines p and q of F always pass through two 
given points A and B in the plane, then every other line of F etther always 
passes through some given point in the plane, or 1s always tangent to some 
circle in the plane. 


Proor: Let F and F, be two positions of F, let p and g, fi and q be 
the corresponding positions of the lines » and g, and let O and O, be the 
points of intersection of p and g, f; and q, (Figure 49a). The points O 
and QO, lie on the arc of the circle S constructed on the chord AB and 
subtending an angle equal to the angle between p and g.f Let / and /, be 


Figure 49a 


two positions of some line / that passes through O, and let M and M, be 
the points of intersection of / and J, with the circumference S. Since 
J MOA = {M0,A (because the angle between the lines / and » does 
not change), it follows that arc AM = arcAM,, that is, M, = M2. 
Thus we have shown that all positions of the line / pass through the 
same point M. 

Now let m be a line that does not pass through O. Pass a line / through 
the point O parallel to m. As we have seen, all positions of the line / pass 
through the same point M. Since the distance between the lines m and 
/ remains constant, all positions of the line # must touch the circle with 
center at M and radius equal to the distance from / to m. This completes 
the proof of the theorem. 

Now suppose that the figure F moves in the plane in such a manner 
that two non-parallel lines m and n of the figure are always tangent to 


t See footnote { on page 50 of Volume One. 
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two given circles S, and Sz, (Figure 49b). Through the centers A and 
B of the circles S; and S2 pass lines and g parallel to m and n respec- 
tively. The distance between m and is equal to the radius of S; ; since 
this distance does not change during the motion of the figure, the line p 
at all times passes through the fixed point A. Similarly, the line g passes 
at all times through B. Hence we can apply Theorem 1; we see that also 
in such a movement every line of the figure F 1s either always tangent to 
some fixed circle, or always passes through some given point. 


Figure 49b 


If the figure F moves in the plane in such a manner that some two 
points A and B in the figure describe parallel lines » and g, then all 
positions of the segment AB are parallel to one another (because the 
sine of the angle between AB and p does not change: it is equal to the 
ratio of the distance between p and g to the length of the segment AB). 
Hence any two positions of the figure can be obtained from each other 
by a translation in the direction of p; thus we have a translation of the 
figure, which we have considered earlier (see Figure 48b). The situation 
is more complicated if some segment AB of the figure moves with its 
endpoints on two non-parallel lines. Here we have the following theorem: 


THEOREM 2. If a figure F moves in the plane in such a manner that 
two of its points A and B trace out lines p and q that intersect in a 
point O, then there exists a circle S attached to the figure F, all points 
of which trace out lines passing through O. 


Proor: Let F and F, be two positions of the figure F and let AB and 
A,B, be the corresponding positions of the segment AB (Figure 50). 
Construct the circle S passing through the points A, B and O. We shall 
consider this circle to be attached to the figure F, and S, will denote the 
position of this circle when F has reached the position F, : clearly S, also 
passes through O (because arc AB of circle S is equal to arc A,B, of 
circle S, which is 2 {AOB).f Let M be an arbitrary point of S and let 


t See footnote ¢ on page 50 of Volume One. 
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M, be the corresponding point of S;. From the congruence of F and F;, 
it follows that the arcs AM and A,M, are equal; this means that the 
inscribed angles AOM and A,OM, on these arcs are also equal. But this 
means that line OM, coincides with line OM. Consequently, each point 
M on the circumference S moves along a line passing through O, as was 
to be proved. 

Note also that the center NV of S moves along a circle with center O 
and radius equal to the radius R of the circle S; this follows from the 
fact that all positions of S pass through the point O and, therefore, the 
distance ON remains equal at all times to R. 


49. 


50. 


(a) 


Figure 50 


Construct a triangle congruent to a given triangle and whose 
sides (a) pass through three given points; (b) are tangent to 
three given circles. 


This problem occurred in a different connection in Volume One, Chapter 
I, Section 1 [see Problem 7 (b) on page 18]. 


The hypotenuse of a right triangle slides with its endpoints on 
two perpendicular lines. Find the locus described by the vertex 
at the nght angle. 


The longest side of an isosceles triangle with vertex angle of 
120° slides with its endpoints on the sides of an angle of 60°. 
Find the locus described by the vertex at the largest angle. 


In the plane are given two perpendicular lines J, and 2, and a 
circle S. Construct a right triangle ABC with a given acute 
angle a, whose vertices A and B lie on J, and , and whose 
vertex C at the right angle lies on S. 
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Now let F and F, be two similar figures in the plane.f In Chapter I, 
Section 2, we saw that F can be carried into F’ by a spiral similarity; at 
that time, however, we did not consider the intermediate positions oc- 
cupied by the figure during its motion from the position F to the position 
F’. Now -we shall consider the system of mutually similar figures made 
up of all the positions of the figure as it moves from some position F to 
some other position F’ in such a way that at all times it is similar to the 
first position. 


Figure 51 


First suppose that F moves in such a way that it 1s at all times similar 
to its original position and, in addition, so that some point O of the figure 
does not move at all. If at the same time some other point A of the figure 
describes a circle with center O then the distance between O and A 
does not change; consequently F remains at all times congruent (and 
not merely similar) to its original position, and all points of F describe 
circles with center O (see Figure 48a, p. 64). If some point A of F de 
scribes a line passing through O, then every other point B also describes 
a line passing through O (because angle BOA cannot change, as F re- 
mains similar to its original position) ; such a motion of the figure means 
that at all times it can be taken back to its original position by a central 
similarity with similarity center O (Figure 51a). Now let us suppose that 
the point A of F describes an arbitrary curve +; we shall show that then 


+ Here and in the future by the word “similar” we shali mean “directly similar” 
(see page 53). 
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every other point B (except for the point O) describes a curve similar to 
y (Figure 51b). Indeed, let F be the initial position and let Ff; be any 
other position of the figure F; let A, B and A;, B, be the correspond- 
ing positions of the points A and B. Since all positions of the figure are 
similar to the initial position, and since the point O does not move, it 
follows that the triangles OAB and OA,B, are similar; consequently, 
X{B,OA, = {BOA and OB,/OA, = OB/OA. Denote the angle BOA 
by @ and the ratio OB/OA by k; the last equations show that a spiral 
similarity with center O, similarity coefhicient & and rotation angle a 
carries B, into A;. Since F, was an arbitrary position of the figure this 
means that this spiral similarity carries the entire curve y’, described by 
the point B, into the curve y, described by the point A. But if two curves 
can be carried onto one another by a spiral similarity then they are 
similar, as was to be proved. 

In the same way it can be shown that if some line m of the figure F, 
not passing through O, is tangent at all times to some curve y, then any 
other line n of the figure (not passing through O) is at all times tangent 
to a curve similar to y (see Figure 51b). This curve is obtained from 
by the spiral similarity with center O that carries m into m. In particular, 
if some line m of the figure F, not passing through O, always passes 
through some given point M, then any other line m of the figure (not 
passing through O) will pass at all times through some constant point 
(this point will not be the same for all lines). 

Let us note also that if the figure F moves so that one of its points O 
remains fixed, then O is the rotation center for any two positions of the 
figure. Indeed, from the similarity of triangles AOB and A,OB, (Figure 
5ib) it follows that triangles AOA, and BOB, are also similar 
( XAOA, = YBOB,, since YAOA, = LSAOB + S{BOA, and 
x BOB, = {A,OB, + XBOA;; moreover OA;/OA = OB,/OB, since 
OB,/OA, = OB/OA ). But this means that the figure F, 1s obtained 
from F by a spiral similarity with center at O, rotation angle A,OA 
and similarity coefficient OA,/OA. 

Conversely, if F is moved in such a manner that it always remains 
similar to its original position and such that any two positions of F have 
the same rotation center O, then the point O, considered as a point of F, 
does not move (because the rotation center is a fixed point under a 
central similarity transformation). 


52. Let A be one of the points of intersection of two circles 5; and 
S2. Through A we pass an arbitrary line / and a fixed line 4, 
intersecting S; and S, for the second time in points M,, M2 
and N,, Nz; let M,M2P be an equilateral triangle constructed 
on the segment M,M; and let Q be the point of intersection of the 
lines M,N, and M2N, (Figure 52). Prove that when the line / 
is rotated around A, 


70 


53. 


54. 


(a) 


(b) 
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Figure 52 


the vertex P of the triangle M,M,.P describes a circle Z, and the 
sides M,P and M2P turn around certain fixed points J, and J, 
(M,P passes through J; and M2P through 2) ; 


Q describes a circle I’. Find the locus described by the centers 
of the circles [ corresponding to different positions for the 
given line J. 


Let / be an arbitrary line passing through the vertex A of a 
triangle ABC and meeting its base BC in a point M; let O, 
and Oz be the centers of the circles circumscribed about triangles 
ABM and ACM. Find the locus described by the centers of the 
segments 0,02 corresponding to all possible positions of the 
line J. 


A triangle ABC and a point O are given. Through O are passed 
three lines 1, 2 and J;, such that the angles between them 
are equal to the angles of the triangle (the direction of the angles 
is taken into account); let A, B and C be the points of inter- 
section of these lines with the corresponding sides of AABC 
(Figure 53). 
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(a) Prove that if O is 
1° the center of the circumscribed circle; 
2° the center of the inscribed circle; 
3° the point of intersection of the altitudes (the orthocenter) 
of triangle ABC, then O is also 
1° the orthocenter; 
2° the center of the circumscribed circle; ae 
3° the center of the inscribed circle of triangle ABC. 


(b) Let the point O be arbitrary and let the lines 4, & and J; 
rotate around O. Find the locus of 
1° the centers of the circumscribed circles; 
2° the centers of the inscribed circles; _ 
3° the orthocenters of the triangles ABC. 


Figure 53 


Let us now turn to the theorems whose proofs form the main goal of 
this section. 


THEOREM 3. If the figure F moves in such a way thal all positions are 
similar to the original position and such that some three points A, B and 
C of the figure describe three lines not passing through a common point, 
then every point of the figure describes a straight line. 
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THEOREM 4. If the figure F moves in such a way that all positions are 
similar to the original position and so that three lines |, m and n of F, 
nol passing through a common point, pass at all times through three given 
points, then every line of F passes at all times through some constant point, 
and every point of F describes a circle. 


PROOF OF THEOREM 3: We shall show that any two positions of F 
have the same center of rotation O (that is, that some point O of F 
remains fixed as F moves). From this it will follow that all points of F 
describe curves similar to the curve described by A, that is, straight 
lines; and this is what we are to prove. 


Figure 54a 


Denote the points of intersection of the lines along which the points 
A, BandC move by the letters P, Q and R (Figure 54a).f Let F and FP, 
be two positions of the figure F; let A, B, C and A, , B,, C, be the cor- 
responding positions of the three points under consideration. The rota- 
tion center O of the figures F and F, is also the rotation center of the 
segments AB and A,B, , AC and A,C,. But, as is shown on page 44 (see 
Figure 31), the rotation center of the segments AB and A’B’ lies on 
the circles circumscribed about triangles ABQ and A’B’Q, where Q is 
the point of intersection of AA’ and BB’; in our present case this means 
that O must lie on the circle cimcumscribed about AA BP (and on the 
circle circumscribed about AA,B,P). In the same manner the center of 
rotation of the segments AC and A,C, lies on the circle circumscribed 
about triangle ACQ (and on the circle circumscribed about AA,C,Q). 


t We assume that no two of the three lines are parallel. The analysis of the excep- 
tional cases, i.e., where two lines or all three lines are parallel, is left to the reader. 
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Thus the rotation center of the figures F and F, is determined as a point 
of intersection of the circles circumscribed about tnangles ABP and 
ACQ and thus does not depend on the particular position F, of the figure. 
But this means that any two positions of our figure have the same center 
of rotation, which completes the proof. 


If the lines described by the points A, B and C pass through a common point P 
(Figure 54b), then in general the assertion of the theorem remains valid. The proof 
does not differ from that presented above; the common similarity center for all posi- 
tions must first of all coincide with the point of intersection of the circles ABP and 
BCP (where A, B and C are the positions at some moment of the three points of F 
that we are considering), that is, with the point P. The only exception to this is the 
case when the circles ABP and BCP coincide, that is, the points A, B, C lie ona 
common circle with the point P, or what is the same thing, when 


XAPB + XACB = 180° 
and the points P and C lie on opposite sides of the line AB, or APB = {ACB and 


P and C lie on the same side of AB. In this case the assertion of the theorem need 
not be valid. 


Figure 54b 


PROOF OF THEOREM 4. We shall show that any two positions of F 
have the same rotation center O and that some point A of F describes 
a circle. Then it will follow by what was said on page 69 that each line 
of F passes at all times through some constant point (since the line / 
passes through a constant point) and that every point of F describes a 
circle (since A describes a circle). 

Let us denote the points of intersections of the lines /, m and n by 
A, B and Cf and the given points through which these lines always pass 


t See footnote on p. 72. 
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Figure 55 


by P, Q and R (Figure 55). First of all it is clear that A describes a 
circle, since the magnitude of the angle QAP must be preserved during 
the motion. (The angle between the lines / and m of the figure cannot 
change because F remains similar to its original position.) f Further, let 
F and F, be two positions of the figure; let 2, m, m and 41, m, m be 
the corresponding positions of the three lines under consideration; let A, 
B, C and A,, B,, C, be the corresponding positions of the points A, B 
and C. If O is the center of rotation for F and F,, then angle AOA, is 
equal to the rotation angle of the spiral similarity carrying F into F,, 
and, consequently, 1s equal to the angle between / and /, or to the angle 
between m and m. Thus “AOA; = XAPA, = {AQAi, that is, O 
lies on the circle passing through A, A, , P and Q. In the same way one 
shows that O lies on the circle passing through B, B,, P and R. From 
this it is clear that the rotation center O of F and P, is the point of inter- 
section of the circles circumscribed about the triangles APQ and BPR 
and therefore does not depend on the particular position F, of the moving 
figure. But this means that any two positions of F have the same rotation 
center. 


If the lines /, m and n of F all pass through a common point 4, then the assertion 
of Theorem 4 need not be valid. 


} This reasoning presupposes that the point A of the line / does not pass through the 
given point P (or the given point Q) during the course of its movement; in the con- 
trary case the angle QA P is changed into its supplementary angle (see footnote { on 
page 50 of Volume One). 


55. 


56. 


57. 


58. 


59. 


(a) 
(b) 
(c) 


(a) 


(b) 


(a) 
(b) 
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Construct a quadrilateral ABCD, similar to a given one (for 
example, a square), 


whose vertices lie on four given lines; 
whose sides pass through four given points; 


whose sides BC, CD and diagonal BD pass through three given 
points, and whose vertex A lies on a given circle. 


Problems 55 (a) and (b) can also be formulated as follows: 


(a) inscribe in a given quadrilateral a quadrilateral that is similar to some 
other given quadrilateral (for example, a square) ; 


(b) circumscribe about a given quadrilateral a quadrilateral that is similar 
to some other given quadrilateral (for example, a square). 


Let four lines J;, 2, 13, and & be given. Construct a line / 
with the property that the three intervals cut off on it by the 
four given lines form given ratios. 


Rotate each side of triangle ABC about the midpoint of that 
side through a fixed angle @ (in the same direction each time) ; 
let A’B’C’ be the new triangle formed by the rotated lines. 
Find the locus of points of intersection of the altitudes, of the 
angle bisectors, and of the medians of triangle A’B’C’ corre- 
sponding to different values of the angle a. Prove that the 
centers of the circumscribed circles of all these triangles coincide. 


Let M, K and L be three points lying on sides AB, BC and AC 
of triangle ABC. Prove that 


the circles S,, S, and S; circumscribed about triangles LMA, 
MKB, and KLC meet in a point; 


the triangle formed by the centers of circles S,, Sz: and Ss; is 
similar to triangle ABC. 


The proposition contained in Problem 58 (a) can be greatly extended; 
see Problem 218 (b) in Section 1 of Chapter II, Volume Three. In an analo- 
gous way Problem 58 (b) can be generalized; we shall not do this, however. 


In a circle S let there be inscribed two directly congruent (see 
Volume One, page 61) triangles ABC and A,B,C, ; let A, B, 
and C’ be the points of intersection of their corresponding sides 
(Figure 56). Prove that 


triangle ABC is similar to triangles ABC and A,B,C; ; 


the point of intersection of the altitudes of triangle ABC co- 
incides with the center of the circle S. 
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(b) 
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Figure 56 


Let / be an arbitrary line in the plane and let 1,, 4, and 4 be 
three lines symmetric to / with respect to the sides of a given 
(non-right angled!) triangle ABC; let T be the triangle formed 
by the lines /,, , and J; . Prove that 


all triangles ZT, corresponding to different positions of the 
initial line /, are similar to one another; 


all lines 7 such that 4, 2, and d; all meet in a point P pass 
through the point Z of intersection of the altitudes of triangle 
ABC; the locus of points P of intersection of l; , & , 4; is the cir- 
cumscribed circle about triangle ABC; 


all lines / such that the triangle 7 has a given area are tangent 
to the same circle with center Z. 


Figure 57 


61. 


62. 


(a) 


(b 


ww’ 
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Prove that the feet of the perpendiculars dropped from a point 
P onto the sides of a triangle ABC all lie on a line (Simson’s 
line, Figure $7) if and only if the point P lies on the circum- 
scribed circle of AABC. 


From the result of Problem 61 derive proofs of the following 
theorems: 


The four circles circumscribed about the four triangles deter- 
mined by any four lines in the plane (no three of which meet in 
a point and no two of which are parallel) pass through a common 
point; 

Let a circle S together with three chords MA, MB and MC be 
given. Construct the three circles having these chords as their 
diameters. Each pair of these three circles intersect in another 
point in addition to M; prove that these points of intersection 
all lie on a line (Figure 58); 


\ 
Figure 58 


(c) If a, 6, c, and d are the lengths of the consecutive sides of a 


quadrilateral ABCD about which a circle can be circumscribed, 
and if e and f are the lengths of its diagonals, then 


ac + bd = ef 
(Ptolemy’s Theorem). 
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In another connection Problem 62 (a) was already presented in Chapter 
I, Section 2 of this volume (see Problem 35 and in particular Figure 32). 
Ptolemy’s Theorem will be presented in a different connection in Chapter 
II of Volume Three (see Problems 258 and 269 in Section 4) ; there we also 
present the converse to Ptolemy’s Theorem (see Problem 269), and a 
theorem that can be regarded as a far-reaching generalization of Ptolemy’s 
Theorem (see Problem 261 in Section 4, and Problem 273 in Section 5). 


63. Four lines are given in the plane, no three of which pass through 
a common point and no two of which are parallel. Prove that 
the points of intersection of the altitudes of the four triangles 
formed by these lines lie on a line. 


This problem will be presented in a different connection in Section 2, 
Chapter I, Volume Three [see Problem 130 (b) ]. 


64. Find the locus of points M such that the lengths of the tangents 
from M to two intersecting circles S; and Sz has a given ratio. 


See also Problem 250 (b) in Section 3, and Problem 260 in Section 4 of 
Chapter IT, Volume Three. 


A, C, 


Figure 59 


Inscribe in a given triangle ABC another triangle A,B,C, similar to ABC (the order 
of the letters indicates the corresponding sides) such that the vertex A; of triangle 
A,B,C; lies on side AB, the vertex B, lies on side BC and the vertex C, lies on side 
CA (Figure 59). There are infinitely many such triangles A,B,C, satisfying the 
conditions that we have posed—in an arbitrary manner one can choose the direction 
of one of the sides or the position of one of the vertices of triangle A,B,C; [see Problem 
9 (b) of Section 1 and Problem 30 (a) of Section 2, Chapter I]. All such triangles 
A,B,C, may be considered images of A ABC under spiral similarities with the same 
center of rotation O, (see the proof of Theorem 3). The point QO, is called the frst 
center of rotation of triangle ABC. By the second center of rotation O, of triangle ABC 
we mean the common center of rotation of A ABC and the similar triangles 42B:C, 
(the order of the letters indicates the corresponding sides), where triangle A2B:C: is 
inscribed in triangle ABC in such a manner that A; lies on side CA, Bs on side AB, 
and C: on side BC. 


65. 


67. 
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Let A’B’C’ be a triangle similar to AABC (the order of the 
letters indicates the order of the corresponding sides) and such 
that A’ lies on side BC, B’ on side AC, and C’ on side AB of 
triangle ABC. Prove that the rotation center O of triangles 
ABC and A’B'C’ is the center of the circumscribed circle about 
triangle ABC. 


Let O, and O, be the first and second rotation centers of triangle 
ABC and let O be the center of the circumscribed circle. Prove 
that 


(a) XOAB = X£O,:BC = LO,CA = £0,BA = LO.CB = XO.AC 
(Figure 60) ; conversely, if, for example, 
{MAB = XMBC = <MCA, 
then the point M coincides with O,; 
(b) O, coincides with O, if and only if ABC is an equilateral triangle; 
(c) O, and O2 are equidistant from O: 0,0 = 0,0; 


(d) the common value ¢ of the angles 0,AB, O,BC, 0O,CA, O.BA, 
O.CB, and O2AC, see part (a), doés not exceed 30°; » = 30° 
if and only if ABC is an equilateral triangle. 


Construct the rotation centers O, and O, of a given triangle ABC. 


Let A,B,C, and A,B2C, be two tnangles inscribed in a triangle 
ABC and similar to it (the order of the letters indicates the 
order of the corresponding sides), and such that the points 
A,, B, and C, lie respectively on the sides AB, BC and CA of 
triangle ABC, and the points A,, Be and C; lie respectively on 
sides CA, AB and BC of this triangle. Suppose, in addition, that 
sides A,B, and A,B of triangles A,B,C; and A2BeC, form equal 
angles with side AB of triangle ABC (Figure 61). Prove that 


(a) triangles A,B,C, and A,B2C2 are congruent; 
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Figure 61 


(b) lines BeC,, C2A; and AB, are parallel to sides BC, CA and 


(c) 


69. (a) 


70. 


(b) 


AB, and lines A,A,, B,Be and C,C; are anti-parallelf to these 
sides; 


the six points A;, Bi, Ci, A2, Bz, Ce lie ona circle. 


Let A, , B, , Ci and Az, Be , C2 be the projections of the first and 
second rotation centers of triangle ABC onto the sides of the 
triangle. Prove that triangles A,B,C, and A2B.C, are both 
similar to triangle ABC and congruent to each other, and that 
the six points A, , B, ,C,, Az, Be, C2 lie on a circle whose center 
is the midpoint of the segment joining the first and second 
rotation centers of triangle ABC (Figure 62a). 


Prove that in a given triangle ABC one may inscribe two 
triangles A,B,C, and A2BeC2 such that the sides of these triangles 
are perpendicular to the sides of triangle ABC; moreover these 
two triangles are congruent to each other and the three segments 
joining the corresponding vertices of these two triangles are 
equal to each other and meet in a common point, their midpoint 
(Figure 62b). 


Let O, be one of the rotation centers of triangle ABC; let A’, 
B’, C’ be the points of intersection of lines AQ, , BO; , CO; with 
the circle circumscribed around triangle ABC. Prove that 


_ A line meeting sides AB and AC of triangle ABC in points P and Q, respectively, 
is said to be anti-parallel to side BC if LAPQ = XYACB and XAQP = YABC 
(the segment PQ is parallel toside BCif ¢APQ = XABC and XAQP = (ACB). 
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Figure 62 


(a) triangle A’B‘C’ is congruent to triangle ABC; 


(b) the six triangles into which the hexagon AC’BA'CB’ is divided 
by the lines joining its vertices to the point O, are all similar to 
triangle ABC. 


71, Let M be an arbitrary point inside triangle ABC. Prove that at 
least one of the angles MAB, MBC, MCA and at least one of the 
angles MAC, MCB, MCA does not exceed 30°. 


To conclude this section we consider some properties of three similar 
figures F,, F., F3. Let O3, Oz and O, denote the centers of rotation 
of each successive pair of these figures. The triangle 0,020; is called the 
triangle of similarity, and the circle circumscribed about this triangle 1s 
called the circle of similarity of the figures F,, Fe. and F;,f In case the 


t The concept of rotation center of two directly similar figures generalizes: 1) the 
center of rotation of two directly congruent figures; 2) the center of similarity of two 
centrally similar figures. Therefore the point in question could with equal justification 
be called “rotation center” or “similarity center” of the figures. In the questions we 
consider in the conclusion of this section the second name would be more appropriate; 
thus we would say: the similarity centers of the successive pairs of three directly 
similar figures form the triangle of similarity of these figures. However the term “rota- 
tion center” is more widespread in the literature. 
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points O,, O2 and OQ; all lie on a line, or coincide, the circle of similarity 
degenerates to a line—the similarity axis—or to a point, the similarity 
center, of the figures. [If F:, PF. and Fs are pairwise centrally similar 
then the circle of similarity degenerates to either a line or a point; see the 
theorem on the three centers of similarity (page 29) . ] 

In Problems 72 and 73 we assume that the circle of similarity of the 
three figures F, , F2 and F; does not degenerate to a line or a point. 


72. Three similar figures F,, F2 and F; are given in the plane. Let 
A,B, , A2B, and A3B; be three corresponding line segments in 
these figures; let D,D.D3; be the triangle whose sides are the 
lines A,B,, A2Be and A3B; (Figure 63). Prove that 


(a) the lines D,O,, D.O2. and D;,O3 meet in a point U that hes on 
the circle of similarity of the figures F,, PF. and F; (Figure 63a) ; 


(b) the circles circumscribed about triangles A,A2D;, A,A3D2 and 
A»2A3D, meet in a point V that lies on the circle of similarity of 
the figures F, , fF: and F; (Figure 63b) ; 


(c) let D’,D’,D’3 be some triangle different from D,D.D;, whose 
sides are three corresponding lines in the figures FP, , F, and F;. 
Then the triangles D,D,D; and D’,D’,D’; are directly similar 
and the rotation center O of these two triangles lies on the circle 
of similarity of F, , F, and F3 (Figure 63c). 


73. Let F,, Fe and Fy; be three similar figures; let 4, , 4 and /; be 
corresponding lines in these figures, and suppose that 1, , kh, Js 
meet in a point W (Figure 64). Prove that 


(a) W lies on the circle of similarity of F; , F2 and F; ; 


(b) 1,4, and J; pass through three constant (that is, not depending 
on the choice of the lines /, , 2 and J3) points J; , Jz and J; that 
lie on the circle of similarity of F, , F2 and F;. 


In addition to the theorems that form the content of Problems 72 and 73, one could 
mention many other remarkable properties possessed by three similar figures Fi , F:2 
and F;. We shall list some of these properties. 


I. The triangle J,J2J,; [see Problem 73 (b) ] is oppositely similar to the triangle 
D,D:D, whose sides are any three corresponding lines of the figures F, , F2 and F;. 


II. The lines JO, ; J2O ; J;O3 meet ina single point T. 


III. If three corresponding points A,, As and A; of F,, Fz and F; lie on a line J, 
then this line passes through a fixed point 7 (the same point described in II). Con- 
versely, every line through T contains three corresponding points of F,, F: and Fs. 


IV. If A:, Az and A; are three corresponding points of the figures F, , F2 and F;, 
then the circles circumscribed about the triangles 4:0,0, , A:0,0,; and A;0,0;2 , meet 
in a point. 
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Figure 63 
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Figure 64 


V. By the basic irtangle of the point A; in the figure Fi we mean the triangle A;A2A;3, 
where Ay and A; are the points of F; and F; that correspond to the point A: of Fi. 
Then: 

a) the locus of points Ai in F; such that the basic triangle of A: has angle A2A1A3 
(or angle A;A2Aq, or angle A;A3A2) of a given size is a circle; 

b) the locus of points A; such that the basic triangle A,A2A 3 has side A2A, (or 
side A,A3, or side AzA;) of a given length is a circle; 

c) the locus of points A, such that the basic triangle A,A;A; has a given ratio for 
sides A,A3/AiAs3 (or for sides A,A2/ AAs » OF for sides A, A3/A32A3) isa circle; 

d) the locus of points A, such that the basic triangle A,A;A; has a given area is a 
circle. 


We leave to the reader the task of finding his own proofs for all these assertions. 


2. Applications of isometries and of similarity transformations to the 
solution of maximum-minimum problems 


The present, rather short, section is not closely connected to the rest 
of the book. In this section are collected a number of problems of finding 
the largest and smallest values of various geometric quantities. These 
problems are solved by various methods, in most cases by using isometries 
or similarity transformations; this last circumstance is the justification 
for including this section in the book. 
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74. (a) A line / and two points A, B on the same side of / are given. 


(b) 


75. (a) 


(b) 


76. 


Find a point X on / such that the sum of the distances AX 
and BX has the smallest possible value. 


A line / and two points A and B on opposite sides of / are given. 
Find a point X on / such that the difference of the distances AX 
and BX is as large as possible. 


In a given triangle ABC inscribe another triangle, one vertex of 
which coincides with a given point P on side AB, and whose 
perimeter has the smallest possible value. 


Inscribe in a siven triangle ABC a triangle whose perimeter has 
the smallest possible value. 


Inscribe in a given quadnilateral ABCD a quadrilateral of 
minimum perimeter. Prove that this problem does not, in 
general, have a proper solution (that is, a solution consisting of 
a non-degenerate quadrilateral). However, if the quadmilateral 
ABCD can be inscribed in a circle, then the problem has an 
infinite number of solutions, that is, there are infinitely many 
quadrilaterals of the same perimeter inscribed in ABCD, such 
that any other inscribed quadrilateral in ABCD has a larger 
perimeter. 


One could pose the following more general problem: im a@ given n-gon 
inscribe an n-gon of minimum perimeter. By methods analogous to those 
used in solving Problems 75 (b) and 76 it can be shown that if n is odd, 
then the problem has, in general, a unique solution, whereas if 7 1s even, 
then it either has no solution at all, or it has infinitely many solutions. 


77. 


78. 


79, 


80. (a) 


Inscribe in a given triangle ABC a triangle whose sides are 
perpendicular to the radii OA, OB, OC of the circumscribed 
circle. From this construction derive another solution to Problem 
75 (b) for acute triangles. 


In a given triangle A BC inscribe a triangle DEF such that the 
quantity a-EF+6-FD-+c-DE, where a, 6, ¢ are given 
positive numbers, has the smallest possible value. 


In the plane of triangle ABC find a point M for which the sum 
of the distances to the vertices is as small as possible. 


Around a given triangle ABC circumscribe an equilateral 
triangle such that the perpendiculars to the sides of the equi- 
lateral triangle erected at A, B, C meet in a common point. 
From this construction derive another solution to Problem 79. 


86 


(b) 
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In a given triangle ABC inscribe an equilateral triangle such 
that the perpendiculars dropped from points A, B, C onto the 
sides of the equilateral triangle meet in a point. From this 
construction derive still another solution to Problem 79. 


81. (a) Let ABC be an equilateral tnangle and let M be an arbitrary 


(b) 


82. 


point in the plane of this triangle. Prove that MA + MC > MB. 
When do we have MA + MC = MB ? 


From the proposition of problem (a) derive yet another solution 
to Problem 79. 


Let ABC be an isosceles triangle with AC = BC > AB. For 
which point M in the plane of the triangle will the sum of the 
distances from M to A and from M to B minus the distance 
from M to C, that is, the quantity MA + MB — MC, be 
a minimum? 


In the plane of a given triangle ABC find a point M such that 
the quantity a-MA + b-MB+c-MC, where a, b, ¢ are given 
positive numbers, has the smallest possible value. 


It would be possible to permit some of the numbers a, 5, ¢ in Problem 83 
to be negative; however in this case it would be necessary in the solution 
of the problem to distinguish a great many separate cases (compare the 
solution of Problem 82). 


SOLUTIONS 


Chapter One. Classification of similarity transformations 


1. Suppose that the line / has been found (Figure 65). By hypothesis 
the point C is centrally similar to the point B with similarity center A 
and coefficient of similarity n/m; therefore it lies on the line /; , centrally 
similar to /, , with center A and coefficient /m, and it can be found as 
the point of intersection of the lines } and J; . If 4, is not parallel to L, 
then the problem has a unique solution; if 4 ||, then /; is either 
parallel to £ or coincides with , , and corresponding to this the problem 
either has no solution at all or it is undetermined. 
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Figure 66 


2. (a) The required locus is obtained from the circle S by a central 
similarity transformation with center A and similarity coefficient 34; 
consequently, it is a circle with diameter AO, where OQ is the center of 
S (Figure 66a) . 


(b) Construct the circle S’ having AO as diameter (O is the center of 
S). The points of intersection of S’ with the chord BC determine the 
desired chord of S (Figure 66b), since S’ is the locus of the midpoints of 
all chords of S through A [see part (a) ]. The problem can have two, 
one, or no solutions. 


Figure 67a 


3. Consider the central similarity with center M and coefficient 
 ro/r,, where 7, and 72 are the radii of circles R and S respectively, and 
the minus sign is chosen in the case of exterior tangency of the two 
circles (Figure 67a), while the plus sign is chosen in the case of interior 
tangency of the two circles (Figure 67b). This transformation carries 
the circle R of radius 7 into a circle of radius v2, tangent to RK at the 
point M; that is, it carries R into S. The point A on the circle R is carried 
by this transformation into the point B on the circle S, and the tangent 
line 4, to R at A is carried into the tangent line ¢, to S at B. Since the 
line & is obtained from ¢; by a central similarity, the two lines are parallel. 
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Figure 67b 


4. Consider the central similarity transformation with center M and 
coefhcient & = re/7;, where 7; and ro are the radii of circles R and S, 
respectively. This transformation carries the lines m and m onto them- 
selves, and carries the circle R tangent to m and m and with radius 7; onto 
a circle tangent to m and m and with radius r2 ; that is, it carries R onto 
S (Figure 68). Also, the line / is carried into itself, the segment AB is 
carried into CD, the point £ into F and, consequently, triangle ABE 
is carried onto triangle CDF. From this it follows that these triangles are 
similar [the assertion of part (a) ], and that the similarity coefficient is 
k=r/r,; therefore Area ( ACDF): Area ( AABE) = k? = (92/11)? 
[the assertion of part (b) ]. Finally, from the fact that triangle CDF is 
obtained from triangle ABE by a central similarity with center M, it 
follows that the line joining two corresponding points of these triangles, 
for example, their centroids (the points of intersection of their medians) , 
passes through the point M [the assertion of part (c) ]. 
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Figure 69 


5. (a) The central similarity with center M and coefficient 
k = DC/AB = MD/MA = MC/MB 


(Figure 69) carries triangle MAB onto triangle MDC and the circle R 
circumscribed about triangle AB onto the circle S circumscribed about 
triangle MDC. Since S is obtained from R by a central similarity whose 
center M lies on R, it follows that R and S are tangent at M. 


(b) The central similarity with center V and coefficient 
k, = CD/AB = NC/NA = ND/NB 


(here we are considering the ratio of directed segments, so that 2, is 
negative) carries triangle NAB onto triangle NCD, and carries the circle 
R, circumscribed about triangle NAB onto the circle S, circumscribed 
about triangle NCD. Since the similarity center N lies on R, the two 
circles are tangent to each other at WV. 


(c) The ratio of the radii of S and Ris k = DC/AB [since triangles 
MAB and MDC are similar; see part (a) ]. The ratio of the radii of 
circles 5, and R, is | &, | = |CD/AB| [see the solution to part (b) ]. 
But clearly |CD/AB |= DC/AB, which is the assertion of part (c). 


6. (a) If M is the point of intersection of the two non-parallel sides 
AD and BC of the trapezoid (Figure 70a), then the central similarity 
with center M and coefficient DC/AB carries the segment AB onto DC 
and carries AABE into ADCF [compare the solution to Problem 
5 (a) ]. The assertion of the problem follows from this. 


(b) If XN is the point of intersection of the diagonals AC and BD of the 
trapezoid ABCD (Figure 70b), then the central similarity with center NV 
and (negative!) coefficient CD/AB carries the segment AB into CD and 
carries one of the squares into the other [compare the solution to Problem 
5 (b) ]. The assertion of the problem follows from this. 
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Figure 70 


7. The central similarity with center at the point M of intersection of 
the extensions of sides A Dand BC of trapezoid A BCD and with coefhcient 
DC/AB carries the segment AB onto the segment DC and carries the 
midpoint K of AB into the midpoint L of side DC [compare the solution 
to Problem 6 (a) J. Therefore, the line KL passes through the similarity 
center M (Figure 71). The point K is also carried onto the point L by 
the central similarity with center at the point NV of intersection of the 
diagonals AC and BD of the trapezoid and with the (negative) coefficient 
CD/AB. This transformation carries the segment AB onto CD [compare 
the solution to Problem 6 (b) ]. Therefore the line KL also passes through 
the point V. 


\ 
\ 


Figure 71 
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8. (a) Suppose that the required line / has been drawn, so that 
AB/AC = 1/2 (Figure 72a). Then we are led to the following solution. 
Construct a circle S53, centrally similar to 5S. with center of similarity at 
an arbitrary point A of the circle S, and with similarity coefficient }. 
The point A and a point of intersection of the circles S, and S52 determine 
the desired line. (Once A is selected there may be two such lines, or 
exactly one line, or no line at all.) 


(b) Again we are led to the following construction by first supposing 
that / has been drawn so that AB/AC = 1/2 (Figure 72b). Construct a 
circle $3; centrally similar to S3 with similarity center at an arbitrary 
point A of the circle S, and with similarity coefficient 3. The point A and 
a point of intersection of the circles Sz and S$; determine the desired line. 
(Once A is selected there may be two, one, or no such lines.) 
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(c) Suppose that the line / has been found, and let A’, B’, C’ and 
D’ be the four other points of intersection of it with the circles S,, So, 
S3 and S, (Figure 72c). Clearly AB = D’C’. Hence 


AD’ = AB+ BC’ —- DC’ = BC’ 
and therefore, 
AD AD-AD 
BC BC-BC'’ 


The quantity AD-AD?’ does not depend on the position of the points 
D and D’ where a line from A intersects S,; it is equal to AE-AE’, 
where E and £’ are the points of intersection of line AO (O is the common 
center of all four circles) with the circle Sy, that is, it is equal to 
(71 — 74) * (71 + 74), where r; and 7, are the radii of S, and S, . Analogously 
BC: BC’ = (re — r3)*(72 + 73), Where ve and r3 are the radii of 5S: and 
S3 . Thus 


Moreover, 
AD= AB+ BC+ CD=2AB + BC; 


consequently, 


Hence 


BC 2 \ro? — #3" 2 (7.2 — 73°) 
and thus 
BO ON PE ase lg 1 ee is af a aC 
AB AB AB AB/BC) rf —re tre — re 


so that the quantity AC/AB can be regarded as known. 

From this we have the following construction. Perform a central 
similarity with center at an arbitrary point A on the circle S; and with 
coefficient 

b re? + 91? — 73? — re 
rar tare — 12° 
Let the circle S; be carried by this transformation onto a circle 52 . The 
point A and a point of intersection of the circles 5S; and S3; determine the 
desired line (once A is selected there may be two, one, or no lines). 


94 GEOMETRIC TRANSFORMATIONS 


| 
M.MN NMP WM N, 
Figure 73 


9. (a) Construct a square KLMN such that K lies on side AC and 
MN lies on the base AB (Figure 73); if L’ is the point of intersection of 
the line AZ with BC, then the central similarity with center A and 
coeficient k = AL’/AL carries KLMN into the desired square 
K'L'M'N'. 

[If we insist that the desired square have all its vertices on the actual 
sides of triangle A BC, and not on their extensions, then clearly the problem 
will have a unique solution in case both angles A and B are less than or 
equal] to 90°, and will have no solutions at all if either of these angles is 
greater than 90°. If we permit the vertices of the square to lie on the 
extensions of the sides of triangle ABC [see the footnote to the statement 
of Problem 10 (c) ], then, in general, the problem will have two solutions, 
represented by the two squares K’L'M’N’' and K’\L',;M’,N’, in Figure 73. 
Only in the case when AL; || BC (in the notations of Figure 73) , will the 
problem have a unique solution. Now take K = C in Figure 73 so that 
the altitude CP of the triangle is a common side of the two squares 
KLMN and KL,M,N, namely the side KN. Then we can easily convince 
ourselves that the problem has a unique solution, that is, AL; || BC, if 
and only if the altitude CP of triangle ABC is equal to the base AB.t | 


(b) Construct a triangle LMN whose sides are parallel tol,, 2, and 
1, , and such that L lies on BC and M on CA. If N’ is the point of inter- 
section of the lines CN and AB, then the central similarity with center C 
and coefficient k = CN’/CN carries triangle LMN onto the desired 
triangle L'M'N’ (Figure 74). 


ft This result can also be derived from the following elegant theorem, whose proof 
we leave to the reader: 

If K'L’=m and Ki'Li' =n are sides of the two squares K'L'M'N’ and 
K'\L.M'.N'; inscribed in triangle ABC in accordance with the conditions of Problem 
9 (a), andtf CP =h ts the altitude of triangle ABC, then the segment h is the harmonic 
mean of m and n, that is 


1 
cers Gama ates =. 
h s(t +2) = m+n 
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Figure 74 


10. (a) Pass lines through A and B parallel to J; and 4,, respectively, 
and through their intersection point O draw lines 1; and /2 parallel to 
and l, (Figure 75). Choose two pairs of points M,, Mz and N,, Ne that 
satisfy the hypotheses of the problem: M, and JN, lie on, M2 and Ne 
areon/,, and AM,/BM, = AN,/BN,=m . 

Let M;, N; be the points of intersection of the lines through the 
points M@,, N; and parallel to /3 with the line /}. Let M2, Nz be the 
points of intersection of the lines through Mz, Ne and parallel to 4, with 
the line 2’. . Then 


OM; ON; a - OM; OM; 
OMS ONi: ©’ ONi ON,” 
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It follows that the pair of lines M,M{ and M2M; are centrally similar to 
the pair of lines N,N; and N.N? with similarity center O. Consequently, 
the point M of intersection of the lines M,M{ and M2M; is centrally 
similar with similarity center O to the point WN of intersection of the lines 
N,N{ and N,N} ; in other words, any two points of the desired locus lie 
on one and the same line through O. Hence the required locus is a line; 
to construct it, it is enough to observe that it passes through O and 
through an arbitrary point M satisfying the conditions of the problem. 


(b) Let A;A? «++ AS be some fixed position of our polygon (see 
Figure 76, where 2 = 6). Since the sides of the original polygon are 
always parallel to the corresponding sides of A?A?--- A,, and the 
vertices A,,A2,°°*,An1 slide along the lines ,2,-**,ln1, it 
follows that the ratios 

ATA, AzAy An-2A n-2 
AzAe AzAz Ag—-1An-~1 
remain constant; therefore the ratio 
ATA, _ ATA, As Ae APA n_2 


also remains constant. By part (a) this means that vertex A, also moves 
on a line /, (determined by any two positions of this vertex). 


(c) Let 4, &, +++, I, be the lines on which the sides of the given 
polygon lie. Choose the point A arbitrarily on the line /, , and construct a 
polygon A,;A2-++ A, whose sides are parallel to the given lines, and 
whose vertices A2,°**, An; lieon the lines 2, +++, J,-,. If the vertices 
A,,A2,°**,An-1 of this polygon slide along the lines 4,, 4, +++, /a1 in 
such a manner that the sides remain parallel to the given lines, then, by 
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part (b), the vertex A, also slides along some line m, determined by any 
two positions of the vertex A, . Then the intersection of the line m with 
the line /, determines the position of the vertex A, of the desired polygon 
A,A2A3 sess Aa . 

If J, is not parallel to m, then the problem has a unique solution; if 
1, || m, but J, # m, then the problem has no solution; if J, = m, then the 
problem is undetermined. 


11. Since side BC does not change in length and B is fixed, C moves on 
a circle with center B as the “hinged” parallelogram moves. But Q is 
obtained from C by a central similarity transformation with center at the 
fixed point A and with coefficient 4. Therefore Q moves on the circle 
obtained by this transformation from the circle on which C moves. 


12. (a) Let r be the radius of the inscribed circle S of triangle ABC, 
and let p be the radius of the escribed circle o (Figure 77). The central 
similarity with center A and coefficient r/p carries o onto S; the line BC 
tangent to at E is carried onto a line B’C’ tangent to S at D, . Since D, 
is obtained from £ by a central similarity with center A, the line ED, 
passes through A. Since the two tangent lines BC and B’C’ to S are 
parallel, their points D and D, of tangency with S must be diametrically 
opposite. This proves the assertion of the problem. 


Figure 77 


(b) Let the inscribed circle S touch the sidés BC, CA and AB of 
triangle ABC in the points D, D’ and D” respectively, and let the escribed 
circle o touch these sides (extended) in the points E, E’ and E” respec- 
tively (here we are speaking of the escribed circle that touches side BC 
and the extensions of the other two sides—see Figure 77). Let us denote 
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the sides of triangle ABC by BC =a, CA =6b, AB=c. The two 
tangent segments drawn from a point outside a circle to the circle have 
the same length. Consequently, 


CD+CD = (a — BD) + (6 — AD’) 
=a— BD" +6-— AD" 
a+b—-AB=a-+)b- 6c. 


Since CD = CD’, we have 


CD = 3(a+65—c). 
Analogously we have 


AE! + AE" = (6+ CE’) + (¢ + EE”) 
=b+CE+c¢c+BE 
=b+c+BC=atbd+te, 


and since AE’ = AE”, 
AF =3(a+b+ 6). 
Also, 


CE=CE = AE — AC =}(atbd+c) —b=3(a—b+4+ 0). 
From this it follows that 
ED=CD—CE=i(a+b—c) —k}(a—b+c¢) =b-<«. 


To construct triangle ABC from the given quantities r, 4 and b —c 
we first construct the right triangle EDD, (Figure 77) with the two 
perpendicular sides ED = 6 —c¢ and DD, = 2r. Then we construct the 
circle S having DD, as diameter. At a distance # from the line ED we 
pass a parallel line /. The line ED, intersects / in the vertex A of the 
desired triangle. The two remaining vertices B and C are found as the 
points of intersection of the line ED with the tangent lines AD” and AD’ 
from the point A to the circle S. 
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13. (a) If, and & are parallel, then the problem has a simple solution. 
If 1,, /, are not parallel, let M be their point of intersection and consider 
the angular region Mi, containing A. Inscribe an arbitrary circle S in 
the angle ,Ml, (Figure 78a). Let B denote the point of intersection of 
the line MA with the circle S. The desired circle S will be centrally 
similar to S with similarity center M and similarity coefficient MA/MB; 
knowing the center of similarity and the similarity coefficient, one can 
easily construct S. If A does not lie on 4 or on 2, then the problem has 
two solutions. 


" | 
A Gp: 
Ni 


Figure 78b 


(b) Let m be perpendicular to AB at its midpoint; let /’ be a line 
symmetric to / with respect to m (Figure 78b). The desired circle S must 
be tangent to the line /’. Thus we are reduced to part (a): construct a 
circle tangent to two given lines / and /’ and passing through a given 
point A. | 


i Figure 79a 


(c) Denote by M the point of intersection of lines /; and 2, and let S 
be the desired circle (Figure 79a).f The point N of tangency of the 


tIf 4||4, the problem can be solved easily, since then the radius of S is immedi- 
ately determined. 
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circles S and 5S is their similarity center. The central similarity carrying 
S into S carries the lines } and into lines & ||, and &||h, tangent to 
S; the point M is carried into the point M of intersection of /, and L. 
Hence WN can be found as the point of intersection of the line MM with 
the circle S; after this S can be constructed easily (the central similarity 
with center NV carrying & into J, also carries S into S). 

Each of the lines 4 and , can be chosen in two ways; the line joining M 
to their point of intersection can meet the circle § in two points. Thus 
the problem can have up to eight solutions (see, for example, Figure 79b) . 


| 
i 
| 
j 
Figure 79b 


14. (a) By a well-known property of medians, the triangle A’B’C’ 
formed by the lines joining the midpoints of the sides of triangle ABC is 
centrally similar to ABC with similarity center M (the centroid of 
AABC) and similarity coefhcient ~$ (Figure 80a). The altitudes AD, 
BE and CF of AABC will correspond to altitudes A’D’, B’E’ and C’F’ 
of AA’B’C’, and the point of intersection of the altitudes (the ortho- 
center) of AABC will correspond to the point of intersection of the 
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altitudes of AA’B’C’, that is, the point O (since the altitudes of AA’B’C’ 
are perpendicular to the sides of AABC at their midpoints). Hence 
points H and O are centrally similar with similanty center M and co- 
efficient —}, that is, they lie on the same line through M, and M divides 
the segment HO in the ratio HM/MO = 2. 


Figure 80a 


(b) The proof is similar to the solution of part (a) and is based on the 
fact that the lines through the midpoints of the sides of the triangle and 
parallel to the angle bisectors are centrally similar to the angle bisectors 
of the triangle with similarity center M and similarity coefhcient —} 
(Figure 80b); therefore they meet in a common point K (which is the 
image of the point Z of intersection of the angle bisectors). 
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(c) Let A’, B’, C’ be the midpoints of the sides of triangle ABC; 
let K, Ki, Ke and P, Q, R be the points of tangency of the sides with 
the escribed circle in angle A and with the inscribed circle, respectively 
(Figure 81). Let us prove that AK || ZA’. Denote the sides of triangle 
ABC by a, b and ¢, the perimeter by 29, the altitude AP dropped on 
side BC by h, , the radius of the inscribed circle by r, and the area of the 
triangle by S. Since akg = 2pr(= 2S), we have he/r = 2p/a. There- 
fore, 


We shall show that the ratio KP/A'P is equal to this quantity. 
Indeed, 


BP = e?+e— ZS 
2a 
since 5? = a? + c? — 2eBP; on the other hand, 
BK = BK, = AK, — AB = p—¢ =" —, 


since 
AK, = 3(AK, + AK») = 3(AB + BK, + AC + CR.) 


= 3(AB+ BK + AC+ CK) =3(a+6+6¢) =p. 
Consequently, for example, in the case pictured in Figure 81, 
e+e—-P atb—e 
2a 2 
e?+e—P—-—a@—abta (c—bd)(c+b+a)_ ple—bd) 


KP = BP — BK = 


— RC gy gg gy oS 


2a 2a a 


Further 
BP = 3(BP + BQ) = 3(BC —CP+ BA — AQ) 
= $(BC + BA —CR— AR) = 3(e+c—b) =p-—bd 


and, consequently, 


a c—b 

A'P = BP— BA" =p—b—-—|5 = a 
Thus we have: 

ee), ea 

A'P a a ne A 
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Figure 81 


Hence triangles APK and ZPA’ are similar, and therefore lines AK 
and ZA’ are parallel. 

Further, in a manner entirely analogous to the solution of the previous 
exercises, it can be shown that the three lines through the vertices of the 
triangle, parallel to lines A’Z, B’Z and C’Z (these are, as we have shown, 
the lines joining the vertices of the triangle with the points of tangency of 
the opposite sides with the corresponding escribed circles), meet in a 
point J, centrally similar to Z with similarity center M and coefficient —2. 


15. Let O be the center of the circle S circumscribed about the desired 
triangle ABC (Figure 82). By the result of Problem 14 (a), the centroid 
M of this triangle lies on the segment OH and divides this segment in 
the ratio OM:MH = 1:2; thus M can be constructed. Further, the 
point M divides the median AD of triangle ABC in the ratio 
AM:MD = 2:1; therefore we can construct the midpoint D of side BC. 
Now join the point D to the center O of circle 5S; since OD bisects the 
desired chord BC of circle S with center O, it follows that OD L BC. 
Therefore we can construct chord BC 1 OD, which completes the 
construction of triangle A BC. 
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Figure 82 Figure 83 


16. First note that the point of intersection of the medians of triangle 
ABC, inscribed in circle S, lies inside AABC and therefore lies inside 
circle S also. On the other hand, for any point M inside S we can 
inscribe a triangle ABC in S, having M as its centroid. For this it is 
sufficient to choose a point D on the diameter AA; through M (where 
AM < MA,), such that AM:MD= 2:1 (Figure 83) and then to 
pass a chord BC of the circle through D such that BC 1 OD. Thus the 
locus of centroids of all triangles inscribed in circle S 1s exactly the set k of 
all points that lie inside S (Figure 84a). By the result of Problem 14 (a), 
if H is the orthocenter of AABC inscribed in the circle S with center O, 
and if M is the centroid of this triangle, then OH:0M = 3:1. It follows 
from this that the locus of orthocenters of all triangles inscribed in circle 
S coincides with the set K of all points that lie inside the circle Z, concentric 
with S and having a radius three times as large as the radius of S (Figure 
84b). 

It only remains to point out that the orthocenter of an acute-angled 
triangle ABC lies inside the triangle, and therefore lies inside S (Figure 
85a). The orthocenter of a right angled triangle ABC inscribed in S with 
right angle at the vertex A coincides with A, and therefore lies on S 
(Figure 85b). Finally, the orthocenter of an obtuse-angled triangle ABC 
inscribed in S with obtuse angle at A lies past A on the extension of the 
altitude AP, and therefore lies outside of S (Figure 85c). Therefore, the 
locus of orthocenters of all acute triangles inscribed in S coincides with the 
set k of all points that lie inside S; the locus for right triangles inscribed 
in S coincides with the circle S; the locus for obtuse triangles inscribed 
in S consists of the points in the ring between the two concentric circles S 
and = (Figure 84b). 

Finally, since the centroid of a triangle ABC inscribed in S is obtained 
from the orthocenter by means of a central similarity with center at the 
center O of S and with coefficient 1/3, it follows that the locus of centroids 
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17. (a) Let AP, BQ, CR denote the altitudes of tnangle ABC; let 
A’, B’, C’ denote the midpoints of its sides; let D, E, F denote the 
midpoints of the segments HA, HB and HC (Figure 86a). Clearly 
D, Eand F lie on the circle S. Let us now show that the points P, Q and 
R also lie on this circle. 

Extend the altitude AP until it intersects S at point P;, and join P; 
to the point B. In the right triangles APC and BOC, 


XCBO = {CAP (= 90° — XBCA). 


Further, XCAP = XCBP, (since they subtend the same arc). Conse- 
quently, HBP = {PBP,, so that triangle HBP, is isosceles and 
HP = $HP;,; therefore the point P; is taken into the point P by the 
central similarity with center H and coefficient 4. In exactly the same 
way one shows that the points Q and R are centrally similar to some 
points of the circumscribed circle, with similarity center H and coefh- 
cient 3. 

Further, it is clear that the points A’, B’ and C’ lie on the circle S’ 
which is centrally similar to S with similarity center M_and coefficient 
—4. Let us show that 5S’ coincides with S. The radius of S is equal to 7/2 
(where 7 is the radius of S), and its center O is at the midpoint of the 
segment HO (O is the center of S) (Figure 86a). The radius of the circle 
S’ is also equal to r/2, and the center O’ of this circle lies on the line MO, 
while MO’/MO = —}3. By the result of Problem 14 (a) the points 
O, H and M lie on a line, and HM = 2MO; it follows at once that the 
points O and O’ coincide, that is, the circles S and S’ coincide, which was 
to be proved. 
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We note also that A’ and D, B’ and E, C’ and F are diametrically opposite points 
on the Euler circle (since, for example, the angle A’ PD inscribed in this circle and sub- 
tending the chord A’D is a right angle). Therefore triangles A’B’C’ and DEF are 
symmetric with respect to the center of this circle and, consequently, are congruent. 


Figure 86b 


(b) First of all it is evident that triangle DEF is centrally similar to 
triangle ABC with similarity center J and coefficient 3 (Figure 86b). It 
follows that the circle S, inscribed in triangle DEF, is centrally similar to 
the circle S inscribed in triangle ABC, with similarity center J and 
coefficient 4. Further, the circle S’, inscribed in triangle A’B’C’, is cen- 
trally similar to the circle S, with similarity center M and coefficient —3. 
But by the result of Problem 14 (c) the midpoint O of segment JZ (the 
center of S) coincides with the center O’ of circle S’, which lies on the 
line MZ with MO’/MZ = —3 (compare the solution of part (a)). 
Therefore the circles S and S’ coincide, which was to be proved. 


Note also that the lines A’B’ and DE, B’C’ and EF, C’A‘ and FD are tangent to 
§ at diametrically opposite points (because A’B’|| AB|| DE, B’C’|| BC|| EF, 
C’A’|| CA || FD|, and that therefore triangles DEF and A‘B’C’ are symmetric 
with respect to the center of § and therefore congruent. 


18. (a) Let A,A2A3A, be an arbitrary quadrilateral, and let M,, M3, 
M, and M, be the centroids of the triangles A,A2d3, Ai1A2A4, AiAsAa 
and A2A;3A, (Figure 87a). It is enough to prove that any two of the 
segments A,M,, A2M2, A3M; and A,M, are divided by their point of 
intersection in the ratio 3:1; for, then it would follow that all these 
segments meet in a single point. Let N be the point of intersection of 
A,M, and A2M:2, and let L be the midpoint of A;A,. Then 


A\M2/M2L = A2M,/ML = 2/1; 
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consequently, triangles A;LA2 and M2LM, are similar, and M2M || AyAe, 
A;A2/M.M, = 3/1. And now we see that triangles A;VA2 and M,\VM2 
are similar; therefore A,V/NM, = A.NV/NM, = 3/1, which was to 
be proved. 


A; 
Figure 87a 


In a similar manner the theorem may be proved for an arbitrary 
polygon. For example, if N; and Ne are the centroids of the quadniaterals 
A2A3A4Az5 and A,A3A;4Az5, if M is the centroid of triangle A3A,A;, and if 
P is the point of intersection of A,V, and A,N2 (Figure 87b), then 
A\N2o/N2M = A2Ni/N\M = 3/1; therefore triangles A,M A. and NaAMN, 
are similar, so NeN,|| A1A42, and A,A2/N2M, = 4/1. From this it 
follows that triangles A,;PA, and N,PN; are similar, and 


Thus any two segments joining the vertices of a pentagon with the 
centroids of the quadrilaterals formed by the four remaining vertices are 
divided by the point of intersection in the ratio 4:1, from which the 
assertion immediately follows for pentagons. 


Figure 87b 


(b), (c) It follows from (a) that the centroids of the four triangles 
whose vertices are the vertices of a quadrilateral inscribed in a circle S lie 
on a circle S’ of radius R/3; from the result of Problem 17 (a) it follows 


SOLUTIONS 109 


that the centers of the Euler circles of these triangles are centrally sym- 
metric to the centroids, with similarity center at the center O of the 
circle S, and with similarity coefficient 3/2; therefore the centers of the 
Euler circles lie on a circle S of radius (R/3) (3/2) = R/2, from which 
follows the assertion of (b) for quadrilaterals. Further, if V is the centroid 
of the quadrilateral, O’ is the center of circle S’ and O is the center of S, 
then O, N and O’ lie on a line and ON: NO’ = 3:1, O, O’ and O lie 
on a line and OO:00’ = 3:2. Therefore, O, N and 6 lie on a line and 
ON:NO = 2:2, which was required to establish (c) for quadrilaterals. 
Now by exactly the same reasoning we may establish the assertions of 
(b) and (c) for pentagons, etc.; we leave it to the reader to carry this 
out for himself. 


Figure 88a 


19. (a) Let us perform a central similarity with center at the point 
M and a small enough similarity coefficient & so that the lines 1; and 
i, , into which /,; and & are taken, intersect within the confines of our 
picture (Figure 88a). The line joining the point M with the point of 
intersection of /{ and /3 is the desired line. 

The problem is solved in the same manner in case the inaccessible 
point is given not by two lines, but by a line and a circle or by two circles 
(intersecting outside the picture). 

‘N 


Figure 88b 


(b) Carry out a central similarity with center at the point M and with 
coefficient & sufficiently small so that the lines a,, a, and 0, & are 
carried into lines a], a2 and 61, 62 such that the line joining the points 
of intersection of aj and a2, 6; and 8 lies within the confines of the 
picture (Figure 88b). The line through M parallel to this line is the 
desired line. 
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Figure 88c 


(c) Carry out a central similarity with center at any point O that is 
accessible to us and with sufficiently small coefficient & so that the points 
A, B, C are carried into points A’, B’, C’ lying within the confines of 
our picture (Figure 88c). Let S’ be the circle circumscribed about triangle 
A'B'C'. The desired circle S is centrally similar to S’ with similarity 
center O and coefficient 1/k; this enables us to find its center and radius. 


20. Suppose that we are required to carry out some construction on a 
bounded portion « of the plane, and suppose that the diagram T, required 
for the completion of this construction, is not contained entirely within x. 
Carry out a central similarity with center at some point O in « and with 
coefficient & sufficiently small so that the transformed figure 7” lies entirely 
in x. Then 7’ can be constructed. After this T may be regarded as 
finished since it is centrally similar to the already completed figure 7’ 
with similarity center O and coefficient 1/k. (If some point A of T is 
centrally similar to the point A’ of 7’, and if A does not lie on our given 
portion of the plane, then it can be defined by a pair of lines J; and 2, 
centrally similar to some pair of lines /; and /; passing through A’; also 
I; and J; can always be chosen so that /, and & pass across a part of our 
picture: for this it is sufficient, for example, for the distance of the lines 
I; and /3 from the similarity center O to be sufficiently small.) 


21. This proposition is a special case of the theorem on three centers of 
similarity (see page 29). 


22. Let S be the desired circle; construct an arbitrary circle S; , tangent 
to /, and J, (Figure 89; we do not consider in the figure the situation when 
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l, ||, in which case the solution to the problem is much simpler). The 
similarity center of circles S and 5; is the point M of intersection of 4 
and J, ; the similarity center of circles S; and S can be constructed; the 
similarity center of circles S and S is their point of tangency NV. By the 
theorem on three centers of similarity (see page 29) the points M, O 
and WN lie on a line, that is, N is a point of intersection of the line OM 
with the circle S. Having found NW we can construct the circle S without 
difficulty. 

The similarity center O of circles S and S, can be chosen in two ways; 
each of the two lines OM obtained in this manner can intersect S in two 
points; thus up to four circles can be constructed, all satisfying the 
conditions of the problem; the centers of these circles lie on one or the 
other of the angle bisectors of the two adjacent angles formed by the lines 
l, and J, (the center of circle 5; lies on this bisector). Choosing then for S, 
the circle with center on the bisector of the other angle, we can find up to 
four more solutions. Thus in all the problem can have as many as eight 
solutions. 


Figure 89 


23. We consider the general case of n circles. Let S; and S, be tangent 
(externally or internally) at M, , let S, and S3; be tangent at M2, ---, let 
Sa-1 and S, be tangent at M,-1, and let S, and S; be tangent at M,. 
Let A, be an arbitrary point of S;, and let Az be the second point of 
intersection of the line A,M, with 5S» , let A; be the second point of inter- 
section of A2M» with S;, +++, let A, be the second point of intersection of 
AyiMy_1 with S,, and let Any; be the second point of intersection of 
A,M, with S; (compare Figure 2la, b). Let 71, 72, ***, fn-1, 1% Genote 
the radii of the circles S,, S2, °**, Sao, Sn, respectively. The central 
similarity transformation with center M, and coefficient ky = ¥ r2/r; , 
where the minus sign is chosen in case S; and S> are externally tangent, 
while the plus sign is chosen in the case of internal tangency, carries S; 
into S2 and carries A; into A: ; the central similarity transformation with 
center Mz and coefficient ke = * r3/r2 (minus for external tangency 
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and plus for internal tangency) carries S2 into S3 and carries A: into 
A3; «**; the central similarity transformation with center M,_. and 
coefficient Raa = = 7n/ra—-1 Carries Sp_; into S, and carries Ay; into A, . 
Finally, the central similarity transformation with center M, and co- 
efficient k, = = r:/r, carries S, into S; and carries the point A, into the 
point Any: . Since 


Ryko ++ Ra ak, = (= “) (= *) eee (= 7) (= *) = +1, 
r) 2 Tn-1 Tn 


the sum of all these central similarities is either a parallel translation 
(possibly through zero distance, that is, the identity transformation), or 
it is a central similarity with coefhcient —1, that is, a half turn (see 
Volume One, Chapter One, Section 2, page 21). But we also know that 
the sum of these » central similarity transformations carries the circle S, 
into itself, and therefore the sum of these transformations must be either 
the identity transformation or a half turn about the center of S,. The 
first case will obtain when k,k,-+* ky, = +1 and this will happen 
when the number of external tangencies is even, in particular if all the 
tangencies are external and there is an even number of circles altogether. 
The second case will occur when the number of external tangencies is odd, 
in particular when all the tangencies are external and there Js an odd 
number of circles altogether. This establishes the results stated in parts 
(a), (b) and (d). 

Clearly, if we perform all our transformations in the same order a 
second time, we obtain the identity transformation. Therefore if Aon41 is 
the point of 5S, obtained from An, in the same way that A,,1 was obtained 
from A,, then Aen; always coincides with A,. This establishes the 
result stated in part (c). 


Figure 90 


SOLUTIONS 113 


24. First consider three circles R, S, and 7, where R and S are externally 
tangent at M, S and TJ are externally tangent at P, and T and R are 
externally tangent at N (Figure 90). Assume also that the radius of T is 
very much larger than the radii of R and S. If the radius of T grows 
beyond all bounds, then Figure 90 will approximate Figure 22 more and 
more closely. In the limit Figure 90 becomes Figure 22, and the result of 
Problem 23 (a) becomes the desired result for the present problem. 


Figure 91 


25. Clearly the three triangles ALK, MBN, QPC, the corresponding 
sides of which are parallel, can be obtained one from another by central 
similarity transformations. The similarity center of triangles ALK and 
MBN is the point of intersection of AB and KN, the similarity center of 
MBN and QPC is the point of intersection of BC and MQ, the similarity 
center of OPC and ALK is the point of intersection of CA and PL (Figure 
91). The desired result now follows from this and from the theorem on 
the three centers of similarity (see page 29). 


The precise formulation of the theorem on the three centers of similarity allows us to 
improve the result stated in Problem 25: either the points of intersection of AB and KN, 
of BC and MQ, and of CA and PL all lie on one line; or exactly one of these points of 
intersection does not exist, and the corresponding pair of parallel lines is also parallel to 
the line joining the two remaining points of intersection, for example, AB || KN || UV, 
where U is the point of intersection of BC and MQ and V is the point of intersection of 
CA and PL; or none of the points of intersection exists, that is, AB || KN, BC || MQ, 
and CA || PL. 


26. (a) Triangle EFD is obtained from the given triangle ABC by a 
central similarity with center at the centroid of AABC and with co- 
efficient k; = — 1/2 [compare the solution to Problem 14 (a)-(c) ]; 
ALMK is obtained from AEFD by a central similarity with center P 
and coefficient k, = 2 (Figure 92). Since k,k2 = —}-2 = —1, ALMK 
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is obtained from AABC by a central similarity with coefficient k = —1 
that is, by a half turn about some point Q; this completes the proof. 


(b) From the formula derived on page 29 we have 


0,0 = ao 0,02 . 
If we let 
O,=N, Q=P, O=Q, and kh=-—%3, kb =2, 
then we obtain 
2-1 
—i-1 
that is, Q is obtained from P by a central similarity with center NV and 


coefficient —3. Therefore when P describes a circle S, Q will also describe 
a circle obtained from S by the indicated central similarity. 


NO = NP = —1NP, 


LL 


= 


Figure 92 


27. (a) Let F4 be some figure containing the vertex A of the triangle; 
let Fe be obtained from F, by a central similarity with center P and 
coefficient k, = PC/PA; let Fg be obtained from Fe by a central 
similarity with center N and coefficient ke = NB/NC (Figure 93a). 
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fe 


< 


Figure 93a 


Clearly the point A of figure F4 corresponds to the point C of figure F¢ 
which, in turn, corresponds to point B of figure Fg . By the theorem on 
the addition of central similarities, Fs is obtained from Fy by a central 
similanty with center O and coefficient k; also, O lies on the line BA 
(since B and A are corresponding points of figures Fg and F,4) and on 
the line PN (by the theorem on the three centers of similarity), and 


PC NB 

PA NC 

If ike = 1, then Fz is obtained from F'4 by a translation. 
If 


k = hike = 


since OB/OA = k, it follows that M coincides with O and, therefore, 
lies on line PN. Conversely, if the points M, N and P are collinear, 
then MM is the point of intersection of lines AB and PN and, therefore, 
coincides with O; therefore 


MB _ OB, _ gy, PC NB 
MA OA PA NC 
and so 
AM BN CP 
BM CN AP 


Remark 1. Note that in the solution of Problem 27 (a) it was enough to prove just 
the necessity or just the sufficiency of the conditions of the problem; the other half then 
follows from what has been proved. Indeed, suppose, for example, that we have proved 
that if (AM/BM)(BN/CN)(CP/AP) = 1, then the points M, N and P lie on a 
line. To obtain the converse we suppose that M, N and P are collinear, and then must 
show that (AM/BM)(BN/CN)(CP/AP) = 1. To do this let M be a point on the 
line AB such that (AM/BM)(BN/CN)(CP/AP) = 1; then by the theorem that 
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we are supposing already proved, the points 7, N and P are collinear; it follows that 
M coincides with MM and therefore (4M/BM)(BN/CN)(CP/AP) =1. In 
a similar manner one can deduce the sufficiency of the condition from its necessity; 
we leave this deduction to the reader. 


Remark 2. The theorem of Menelaus can be connected with the following generaliza- 
tion of Problem 15 of Section 2, Chapter 1, Volume One (page 28) : construct an n-gon 
A,Azg*e* Ay, given the n points Mi, Ms, ++, M, that divide its sides in 
known ratios (positive or negative) Ai:\Mi/A2Mi =k, AsM2/AsMe=he, +s, 
AnMn/A:1Mn = kn (here there is no need to suppose that the number of sides of the 
n-gon is odd). Just as in the second solution to Problem 15 it can be shown that if 
hike °° kn #1, then the problem always has a unique solution; if kiks +++ ka = 1, 
then, in general, the problem has no solution, and for certain special positions of the 
points Mf,, M:, +++, M, the solution to the problem will be undetermined. It follows 
that if kik, +++ ka + 1, then the distribution of the points M,, M:,-°++,M, in the 
plane is arbitrary; on the other hand, if 


AiM, AM AnMs _ 
AM, A,M;, A\M, ; 


then this distribution must satisfy some special conditions. For 2 = 3, by the theorem 
on the three centers of similarity, these special conditions come down to the require- 
ment that the points M@,, M: and M; must lie on a line; the theorem of Menelaus then 
follows. 


kiki °** ky = 


Figure 93b 


(b) Let the lines CM, AN and BP meet in a common point O (Figure 
93b). Consider any figure F,4 containing the point A; let the central 
similarity with similarity center O and coefficient k = ON/OA carry it 
into a figure Fy (the point A of figure F4 corresponds to the point N in 
the figure Fy); let the central similarity with center B and coefficient 
k, = BC/BN carry Fy into F¢ (the point W of figure Fy corresponds to 
the point C in figure Fc); the central similarity with center C and co- 
efficient ke = CB/CN carries Fy into Fg (the point N of figure Fy 
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corresponds to the point B of figure Fg). By the theorem on the addition 
of central similarities, figure Fc is centrally similar to F4 ; also the center 
of similarity lies on line CA (C and A are corresponding points of figures 
Fc and F,) and on line BO (by the theorem on three centers of similarity) , 
that is, it coincides with P, and the coefficient of similarity is equal to 
kk, = (ON /OA)(BC/BN). Similarly it is shown that Fg and F4 are 
centrally similar with center M and coefficient kk, = (ON/OA) (CB/BN). 
Thus we have 


PC _ON BC MB ON CB 
PA OA BN’ MA OA CN’ 


PC MA CN MA NB PC__, 
PA MB BN - MB NC PA” 


which was to be proved. 

Now suppose that (MA/MB)(NB/NC)(PC/PA) = —1 and, for 
example, that lines AN and BP meet in the point O. If M is the point of 
intersection of CO with AB then, by what was proved above, 
(MA/MB)(NB/NC)(PC/PA) = = 1, that is, M coincides with M. 
Thus we see that if (M@A/MB) (NB/NC) (PC/PA) = —1, then either 
AN, BP and CM are concurrent or parallel. 

Assume, finally, that AN, BP and CM are all parallel; let M be a point 
on line AB such that (MA/MB) (NB/NC)(PC/PA) = —1. In this 
case CM cannot meet AN or BP (for otherwise all three lines AN, BP 
and CM would be concurrent); therefore M coincides with M and 
(MA/MB)(NB/NC)(PC/PA) = 


Remark. It is not hard to see that the different proofs of Ceva’s theorem amount to 
two applications of the theorem of Menelaus, first to triangle ANC (with the points 
on the sides being P, O and B) and then to ANB (with the points on the sides being 
M, Oand C). 


28. (a) By the theorem of Problem 18 (a) the quadrilaterals A,;A2A3A, 
and M,M,M;M,, where M,, M2, Mz; and M, are the centroids of 
triangles A2A43A,, A,;A3A44, A1AoAqg and AjA2A3, are centrally similar 
with similarity coefficient —3 (and with similarity center at the centroid 
N of quadrilateral A,A2A3A,). Further, by the result of Problem 14 (a) 
the quadrilaterals M,M.M;M, and A, ALWH3A, ) where A, ) H, > A; ; H, 
are the orthocenters of the same triangles, are centraJly similar with 
similarity center at the center O of circle S and with similarity coefficient 
3/1. Thus quadrilateral H,H.H;H, can be obtained from A,A2A3A4 by 
means of two consecutive central similarities with coefficients k; = —} 
and k, = 3; but the sum of these two central similarities is a central 
similarity with coefficient 4k. = —1, that is, a reflection in a point, 
and so we obtain the assertion of Problem 33 (a) of Volume One. 
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Remark. It follows from the theorem on three centers of similarity that the point 7 
of Problem 34 (a) of Volume One lies on a common line with the centroid NV and the 
center O of the circumscribed circle; it is not difficult to show that N is the midpoint 
of OH (see, for example, page 29). 


(b) The solution to part (b) is similar to that of part (a). It is necessary 
to use the fact that the center O of the nine point circle of the triangle 
lies on a common line with the center O of its circumscribed circle and 
with the orthocenter H, and that OO/OH = 3 (see the solution to 
Problem 17 (a)). 


29. (a) Consider the four points A,, A:, A; and H,. From these 
one can form the four triangles A,42A3, A,A2H,, A,AsH, and A2A3H,. 
We shall show that the Euler circles of these triangles all coincide. Indeed 
the radii of the Euler circles of triangles A,A2A3 and A2A3H, are equal 
to one half the radii of the circles circumscribed about these triangles; 
thus they are equal, since the circles circumscribed about triangles 
A,A2A3 and A2,A3H, are symmetric with respect to the line AA; [see 
the solution to Problem 33 (b), Volume One }. Further, the center of the 
first Euler circle lies at the midpoint of the segment H,O, where O is the 
center of 5; the center of the second circle is at the midpoint of segment 
A,O,, where QO, is the center of the circle circumscribed about triangle 
A2A3H, (because A, is the orthocenter of AA,A3H,). And since the 
midpoints of these segments coincide [the quadrilateral A,H,0,0 is a 
parallelogram; see the solution to Problem 33 (c), Volume One], it 
follows that the centers of the Euler circles coincide, and therefore the 
circles themselves coincide. In the same way it can be shown that the 
Euler circles of triangles A,;A2H,, A,;A3H, and A;A_A; coincide. 

In a similar manner it can be shown that each of the 32 Euler circles 
under consideration coincides with the Euler circle of one of the triangles 
A,A2A3, AyA2A4, AyA3A4, AzA34,, M1 2H3, HiAeHy, HAs, 
and ALH3H 4° 
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(b) The congruence of all these Euler circles follows from the results of 
Problems 18 (b) of this volume and 34 (a) of Volume One. By Problem 
18 (b), four of these circles meet in a common point O and four meet in 
O’. Further, the points O and O’ are symmetric with respect to the 
midpoint H of segment A,/; [see Problem 34 (a), Volume One]; O lies 
on the extension of ON past the point N, while ON = NO [WN is the 
point that divides the segment A,44,, where M, is the centroid of 
triangle A,A,A;3, in the ratio A,V:NM, = 3:1; see Problem 18 (c) ]. 
From this and the fact that OM, :M,H, = 1:2 [see Problem 14 (a) J, 
it follows that O coincides with H (see Figure 94), and therefore O' 
coincides with O. 


(c) This follows easily from the results of Problems 34 (a) of Volume 
One and 28 (b) of the present volume. M 


Figure 95a 


30. (a) Assume that triangle PXY has already been constructed 
(Figure 95a). The point Y is obtained from X by a spiral similarity with 
rotation center P, rotation angle a equal to the angle L of triangle LMN, 
and similarity coefficient & equal to the ratio of sides LV/LM of this 
triangle. It follows from this that Y lies on the line /, obtained from BC 
by a spiral similarity with center P, angle a and coefficient &, and since 
it lies onside AC, Y is the point of intersection of / and CA. If I is parallel 
to CA then the problem has no solution; if J coincides with CA then the 
solution is undetermined. 


Figure 95b 


120 GEOMETRIC TRANSFORMATIONS 


(b) Note that if parallelogram K’L’M‘N’ is inscribed in parallelogram 
ABCD (Figure 95b), then the points of intersection of the diagonals 
(centers) O’ and O of the two parallelograms coincide: for, the common 
midpoint of diagonals K'M’ and L’N’ lies on both middle lines™ of 
parallelogram ABCD, that is, it coincides with the center O. 

Now suppose that K’L’M'N’ is the desired parallelogram; in this case 
triangle K’O’L’ is similar to triangle KOL, where O is the center of 
KLMN. The spiral similarity with center O, rotation angle KOL and 
similarity coefficient OL/OK carries side AB of parallelogram ABCD 
into a line /, whose intersection with the line BC determines vertex L’ 
of the desired parallelogram [compare the solution to part (a) ]. 


31. Join the second point B of intersection of S$; and Sz to the points 
M, and Mz, O; and OQ, (Figure 96) . Triangle BM,M; is similar to triangle 
BO,O:2 (because <BO,0. = 1/2XBO,A = XBM,A, and 


BOO; = 1/24 BOA = {BM,A); 


consequently, ABM,M; is obtained from ABO,O; by a spiral similarity 
with center B, rotation angle a equal to <M,BO,, and similarity co- 
eficient k = BM,/BO,. Circumscribe circles S and S’ about triangles 
BO,O,2 and BM,M; ; since 


T A middle line of a parallelogram is a line joining the midpoints of two opposite 
sides. 
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Y{BM\N + {BM.N 
= (¢BM\M2+ LBM2M) + (XNMM2 + LNMM) 
= (XBMiM, + XBM2M1) + (XMiBA + £M2BA) 
= {BM\M2 + £BM2M, + {MiBM2 = 180°, 
we see that S’ passes through the point NV; since 
{O:BO, + KOO, = {M1BM, + XMiNM, = 180°, 
we see that S passes through the point J. Further, we have 
{NBM = <NMM,, sJBO; = £JO20; ; 


thus the difference of angles NBM, and J BQ, is equal to the difference of 
angles NM.M, and JO.0,. This difference is the angle between the 
segments M;M, and O,0, related by the previously indicated spiral 
similarity, with the same direction M2N || O,J. Therefore the difference 
of the angles VBM, and J BO, is equal to the angle between M.M, and 
O,0, , that is, the angle of rotation a. But from the fact that 


XNBM;, — xJ BO; = a= XM,BO, ’ 


it follows that line NJ passes through B, which proves the first assertion 
of the problem. 

To prove the second assertion it is sufficient to observe that 
JO; | NM, al OM, and XINM;, = {~M\M.B = X0,0.B; thus we see 
that the segment JN forms with the line 0,4, an angle of 90° — £0,0,B, 
and the orthogonal projection of JN onto this line is the segment O:M, 
of constant length 7, (7; is the radius of S,). Therefore 


JN = xn, cos (90° — X0,0.B) = 7, sin XO,0O2B , 
and, clearly, this does not depend on the choice of the line M,AM,. 


Figure 97a 
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32. (a) Suppose that the quadrilateral ABCD has been constructed 
(Figure 97a). The spiral similarity with center A, similarity coefficient 
d/a and angle of rotation BAD carries AABC into AADC’, where C’ lies 
on the extension of CD (because ADC + X ABC = 180°). In triangle 
ACC’ we know the segments CD = c, DC’ = bd/a, DA =d and the 
ratio of the sides AC’/AC = d/a; therefore the triangle can be con- 
structed. [Lay off segment CC’. The bisectors of the interior and exterior 
angles of triangle ACC’ at the vertex A meet the line CC’ in points M 
and N such that C’/M/CM = C'N/CN = d/a; these points can be 
constructed. Since {MAN = 90°, it follows that A is the point of 
intersection of the circle having the segment MN as diameter with the 
circle having center D and radius d. | Constructing on segment AC the 
triangle ABC with sides AB =a and CB =), we have the desired 
quadrilateral. 

The problem has either exactly one solution or has no solution at all. 


(b) The solution is similar to that of part (a). Suppose that the 
quadrilateral ABCD has been constructed (Figure 97b); the spiral 
similarity with center A, similarity coefficient d/a and rotation angle 
BAD carries triangle ABC into triangle ADC’, where the point C’ is 
determined by the fact that XCDC’ = B+ Y¢D and DC’ = b- d/a. 
Constructing triangle CDC’, we can find A as the intersection of the 
circle having segment MW as diameter (where M and WN are two points 
on the line CC’ such that C’M/CM = C'N/CN = d/a), and the circle 
with center at D and radius d. 
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33. Denote the second point of intersection of circles R and S by N, 
and join N to A and to B (Figure 98). Note that < BAN and XABN do 
not depend on the choice of the line /: Indeed, {BAN = {MAN and 
is determined by the fixed chord MN;; similarly for ABN = (MBN. 
Hence the third angle, XANB = 9, of triangle ABN does not depend 
on the choice of /. (This reasoning is not complete. In our figure we have 


SOLUTIONS 123 


considered only the case where M lies between A and B. However, if A 
were on the other side of MN, then A would lie between B and M; if B 
were on the other side of MN, then B would lie between A and M. We 
leave it to the reader to complete the reasoning by considering these two 
cases.) Note that the angle ¢ can be found in terms of the angle a between 
the two circles R and S (see the statement of Problem 34, page 39 for 
the definition of the angle between two circles). Indeed, since the angles 
do not depend on the choice of the line J, choose /_ 1 MN. Then NA 
and NB coincide with the diameters NO,A and NO.B where OQ; , Oz are 
the centers of Rand S, andsoeither ¢ = {O,NO2 = a@, or @ = 180° — a. 

Further, since the angles of AANB do not depend on the choice of I, 
the same is true for the ratio NB/NA = k. Thus, B 1s obtained from A 
by a spiral similarity with center N, rotation angle , and similarity 
coefficient k. (It is easy to see that the similarity coefficient k = NB/NA 
is equal to the ratio 72/r, of the radii of R and S: this follows by choosing 
11 MN, in which case NB = 27, and NA = 2r,. It also follows from 
the fact that the spiral similarity with coefficient & carries the circle R of 
radius 7; onto the circle S of radius r¢ .) 

It is now clear that if the point Q divides the segment AB in the fixed 
ratio AQ/QB = m/n, then the shape of triangle ANQ does not depend 
on the choice of the line 7; in other words neither the angle XANQ = gq 
nor the ratio NQ/NA = k, depends on /. Thus Q is obtained from A by 
a spiral similarity with center NV, rotation angle ¢, , and similarity co- 
efficient &, . Therefore the locus of all such points Q is a circle, namely the 
circle obtained from the circle R—the locus of the point A—by the spiral 
similarity just specified. 
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In almost exactly the same way we can solve the problem of the locus of 
the vertex C of the equilateral triangle A BC, constructed on the segment 
AB as base, and lying always on the same side of / (either it always lies on 
the same side of J as N, or it always lies on the opposite side from NV). 
Here also the shape of AA NC does not depend on the choice of J. There- 
fore the required locus is a circle, obtained from the circle R by a certain 
spiral similarity. If, as in the statement of the problem, we do not require 
that the point C always lie on the same side of /, then the required locus 
consists of two circles: one of them is the locus of points C that he on the 
same side of | as N, and the other is the locus of points C; that lie on the 
opposite side of J (see Figure 98). (If the circles R and S are congruent 
and if <O,NVO. = 60°, then the circle described by C; reduces to the 
point N.) 

The solution to part (c) is similar. Construct the segment NP, parallel 
to, and of the same length and the same direction as AB. Clearly the 
angle X<ANP, = ¢@ and the ratio NP,/NA = k, do not depend on the 
choice of J. Therefore the locus of such points P, 1s the c7rcle obtained from 
R by the spiral similarity with center NV, rotation angle ¢: , and similarity 
coefficient k2 . This circle is congruent to the circle that would be obtained 
if we laid off the segment OP parallel, equal and in the same direction as 
AB from an arbitrary fixed point O and considered the locus of points P 
obtained in this manner. 


Remark. The crux of the solution to Problem 33 (a)-(c) was the fact that the circles 
R and S were obtained from each other by a spiral similarity that carried the point A of 
R into the point B of S. In the same way we can show that if R is any figure and 
if S is obtained from R by a spiral similarity that carries the point A of R into the 
point B of S then the locus of the 

a) points Q that divide the segment AB ina given ratio AQ:QB = m:n; 

b) vertices C of equilateral triangles ABC, constructed on the segment AB, and 
such that angle {BAC has not only the constant value 60°, but has also a con- 
stant direction of rotation (from the ray AB to the ray AC); 

c) endpoints P of segments OP laid of from a fixed point O, and parallel to, equal 
to, and having the same direction as the segment AB isa figure similar to R and S.t 

The proof of this proposition is just the same as the solution to Problem 33. This 

remark will be useful to us Jater. 


34. Assume that the problem has been solved (Figure 99). The spiral 
similarity with center at the point N of intersection of S with S, rotation 
angle a, and coefficient of similarity equal to the ratio of the radii of 
circles S and S, carries S into S. Under this transformation 1, and are 
carried into lines /; and J tangent to S and such that Jj and J, form an 
angle a, and Jz and , form an angle a; the point M of intersection of h 


t Or reduces to a point. 
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and /, is carried into the point M’ of intersection of J; and 1; .{ Conse- 
quently, XMNM' = a. 

We are led to the following construction: Draw the tangents J; and 
I, to S that form an angle « with / and /, respectively; let M’ be the point 
of intersection of Jj and J; , and let N be the point of intersection of S 
with the other circle that has MM’ as a chord and subtends the angle a 
on this chord. The spiral similarity with center NV, rotation angle a, and 
similarity coefficient NM’/NM carries S into the desired circle S. The 
problem can have up to eight solutions. 


Figure 99 


35. Let A, B, C, D, I, F be the points of intersection of our lines 
(see Figure 32 in the text). The center O of the spiral similarity that 
carries AB into JF can be found as the point of intersection of the circles 
circumscribed about triangles AEC and BFC, or as the point of inter- 
section of the circles circumscribed about triangles ABD and EFD (cf. 
Figure 30b and 31, pp. 43, 44). It follows that these four circles intersect 
In a common point. 


t If 4 || 4, then the solution to the problem is much simpler, for then we can find 
the radius r of the desired circle immediately; the center of the circle of radius r that 
cuts § at an angle a lies on one of two well-defined circles concentric with S. In this 
case the problem can have up to four solutions. 
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By 2(8-@) 


Figure 100 


36. (a) We shall show how to obtain the point M2 from the point M, . 
Connect M, to the second point B of intersection of 5S; and Sy ; let M,B 
intersect S: in a point M’ (Figure 100). Regardless of the position of the 
given angle a, M’ is always obtained from M by the same spiral simi- 
larity; this follows from the fact that the shape of triangle 1,4 M’ does 
not depend on the position of M; (angle AM,M’ is half of arc AB of 
circle S,, angle AM’M, is half of arc AB of circle S2). By drawing 
M,M' 1 AB (with AM, and AM’ being diameters of the circles), it is 
easy to see that the rotation angle 6 of this spiral similarity is equal to 
XO,AO., and the similarity coefficient is AOQ./AO,. Moreover, 
M'AM, = 8B —a,t XM'O.M2 = 2(B — a). Thus M2 is obtained from 
M, by a spiral similarity with center A, rotation angle 8 and similarity 
coefficient & (carrying M, into M’) followed by a rotation with center O, 
and rotation angle 2(8 — a) (carrying M’ into M2). But the sum of 
these two transformations is a spiral similarity with some center O, with 
similarity coefficient &, and with rotation angle —6 -+ 2(8 — a) = B — 2a 
(in Figure 100 the directions of rotation from AM, to AM’ and from 
O.M’ to O2.M?2 are opposite). Now it only remains to observe that 


XM\JM2 = XAM\M.+ {AMM = XO,M,A + XO.M2A — 180° 
= (180° — XM,AM2) + (XO,AM, + XO2AM2) — 180° 
= (180° — a) + (8 — a) — 180° = B — 2a, 


and consequently, the circle circumscribed about AM,M,J passes 
through O. 


t Or a — B (see the second footnote on page 50, Volume One). 
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(b) The spiral similarity with center A, rotation angle 8 = {O,A02, 
and similarity coefficient & = AQ./AOQO, carries O; into O- ; an additional 
rotation about O, through an angle 2(8 — a) leaves O, fixed. Therefore 


{0,002 = B — 2a and Si 


[see the solution to part (a) ]. Since the ratio OO,/OO, = AQ2/AQ, 1s 
constant, the locus of points O is a circle (see the footnote on page 40) ; 
this circle passes through the points A (O coincides with A in case a = 8) 
and B (O coincides with B in case a = Q). 


Figure 101 


37. Let A,Ao-°++ An be the desired n-gon (Figure 101). By the 
hypotheses of the problem we are given the points M,, M2, «++, Ma, 
we know the angles A\M,A, =a, AoM,A3 = 2, °°%, AynM,A, = Ay 
and we know the ratios M,Ao/M,A; = ki, M2A3/M2.A.= kh, °°°, 
M,,A,/M,An = ka. Now perform in succession a spiral similarity with 
center M,, rotation angle a; and similarity coefficient  , a spiral simi- 
larity with center M2, rotation angle az and similarity coefficient ke and 
so forth, ending with a spiral similarity with center M,,, rotation angle 
a, and coefficient &,. Under these transformations the point A, will 
successively occupy the positions Ay, A3,°+°,A, and, finally, Aj. 
Thus A, Is a fixed point for the sum of the » spiral similarities with 
centers M,, M2, --+, M,, with rotation angles a, a2, °°°, @ and 
with similarity coefficients k;, ke, °°*, Rn. 

This sum of spiral similarities represents, in general, a new spiral 
similarity (with rotation angle a, + az + --* + a, and with similarity 
coefficient hike --- Ry). Since the only fixed point of a spiral similarity is 
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its center, it follows that A, must be the center of the resulting spiral 
similarity. It can be found by performing » — 1 times the construction 
of the center of a spiral similarity which is given as the sum of two known 
spiral similarities (see pp. 42-43). It is even simpler to find the segment 
B'C’ into which an arbitrary segment BC in the plane is taken by the 
sum of spiral similarities, and then to find the center of the spiral 
similarity carrying BC into B’C’ (see pp. 43-44). Having found A, there 
is no difficulty in constructing the remaining n vertices of the 2-gon. 

If ay t+ aze+ +s ta, is a multiple of 360° and if &ko--- k, = 1, 
then the sum of the spiral similarities is a éramslation. Since a translation 
has no fixed points at all, the problem has no solution in this case. 

It can happen that the sum of the spiral similarities is the identity 
transformation (a translation through zero distance). In this case the 
problem is undetermined: for the vertex A; of the desired m-gon one can 
choose an arbitrary point of the plane. 


Figure 102 


38. (a) The point B is obtained from the point A by a spiral similarity 
with center N, similarity coefficient &, = ro/r,;, where 7; and r2 are the 
radii of the circles 5, and S_, and with rotation angle <O,NO2, where 
O, and O2 are the centers of circles S,; and S2 (see the solution to Problem 
33). In a similar way the point C is obtained from B by a spiral similarity 
with center M, coefficient ke = 7,/r2, and rotation angle XO.MO, 
(Figure 102). The sum of these two central similarity transformations 
carries A into C. But the sum of two spiral similarities is again a spiral 
similarity with coefficient k& = k,kp = (7/11) (1/re2) = 1, and with 
rotation angle XO,N Oz + XO.MO; = 2XO.N Os (xXO.M O1 = XO,N Oz 
because M and WN are symmetric with respect to the line 0,0). This 
spiral similarity is actually an ordinary rotation since the similarity 
coefficient & = 1; the center of this rotation is the center O, of 5S, , since 
the rotation carries an arbitrary point A of 5S; tosome point C of S, , that 
is, it carries S, into itself. Finally, just as C was obtained from A by a 
rotation about O; through an angle of 2X{O,NO;, so too the point & is 
obtained from C by a rotation about O; through an angle of 2{0,NO, . 
Thus £ is obtained from A by a rotation about O, through an angle of 
4X0,NO,. The assertion of part (a) follows from the fact that the angle 
4X 0,NO, does not depend on the position of A. 
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(b) E will coincide with A if 4X0,NO, = 360°, that is, if 
X0,NO, = 90°. In other words, £ will coincide with A if the two circles 
S; and S» are orthogonal, that is, if the angle between S, and Sy is 90° 
(for the definition of the angle between two circles see the statement of 
Problem 34, page 39). 


39. (a) A» is obtained from A, by a spiral similarity with center N, 
coefficient k; = r2o/r;, and rotation angle XO,NO; ; A3 is obtained from 
A, by a spiral similarity with the same center N, with coefficient 
ko = r3/re, and with rotation angle XO,NOs3; A, is obtained from A; 
by a spiral similarity with center N, coefficient ks = 7:/r3, and rotation 
angle xO3NO, ; here O, , O2 , and O; are the centers of the circles S,, Se, 
and $3, and 7, 72, 73 are their radii (compare the solution to Problem 
33). The sum of these three spiral similarities is a translation, because 

727371 
kikoks = am e = 1 and X0,NO, -+- XO.NO3 + X0O3;NO; = 360°. 
17273 
Further, since this translation carries each point A, of the circle S, into 
a point A, of the same circle, that is, it carries S, onto itself, it must be the 
identity transformation. Thus A, is obtained from A; by the identity 
transformation, that is, 44 = A;. 

Clearly the result of this problem can be generalized to an arbitrary 
number of circles that intersect in a common point. Thus, in Figure 103 
we show four circles intersecting in a common point. The point As is 
obtained from the point A, by the sum of four spiral similarities; but this 
sum is the identity transformation and so Ag = A; . 


Figure 103 


(b) Let O; and 7; denote the center and radius of the circle S; , where 
the index ¢ can take on any of the three values 1, 2, 3. The point As is 
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obtained from A; by a spiral similarity with center N,, coefficient 
ky = ro/r,, androtation angle {0,NO2 (compare the solution to Problem 
33). Likewise, the point A; is obtained from Az, A, from A3, As from 
A,, Ag from As, and A; from Ag by a spiral similarity with center V2, 
coefficient k, = 73/r2, rotation angle <O.NO3; with center N3, co- 
efficient k3 = /r3, rotation angle ~O3NV3;0,; with center M,, co- 
efficient ky = r2/r7;(= &), and rotation angle {O,M,O, ; with center 
M,, coefficient ks = 13/ro(= ke), rotation angle XO.M,0; ; with center 
M3, coefficient kg = 7,/r3(= 3), rotation angle XO3M20,. Thus A; 
is obtained from A, by six consecutive spiral similarities. 
The sum of the first three of these is an ordinary rotation, since 


7 72 73 


This rotation carries an arbitrary point A, of the circle S; to a point A, 
of the same circle, that is, it carries S, into itself. Hence the sum of the 
first three spiral similarities is a rotation about O, through the angle 


a= XO,N102 + XO.N203 + YO3N30, ° 


In the same way the sum of the last three spiral similarities is also a 
rotation about O; , through the angle 


B = £0,M,0, + {O.M.0; + {£O3M30, . 


The sum of our original six spiral similarities is the same as the sum of 
these two rotations about QO, , and is therefore again a rotation about 0; , 
through the angle a+ 8. We shall now show that a +8 = 0. Indeed, 


{ON 102 = — {O\M 102 
X0.N.03 = — {0.M.203 
X03N30, — ocr X0.M30, ’ 


and therefore a = —§ (see Figure 35b). 

Thus the sum of our six spiral similarities is a rotation about O, through 
the zero angle, that is, it is the identity transformation. Since this trans- 
formation carries A; into A7, we have shown that A, = A;. 

The result of this problem can be generalized to the case of an arbitrary 
number of pairwise intersecting circles. 


40. (a) First let / bea circle with a radius that is much larger than the 
radii of circles S; and S2, and apply the result of Problem 39 (b). If we 
now let the radius of / increase beyond all bounds so that / becomes more 
and more nearly a straight line intersecting the circles 5; and S2, then in 
the limit we obtain the desired result (compare the solution to Problem 
24). 
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(b) The result of part (a) becomes the result of part (b) if we move 
the line / so that the points K and L coincide and the points P and Q 
coincide, that is, if we move / so that it becomes a common tangent to 
S1 and S. 2- 


41. Suppose that AABC has been constructed (Figure 104). The 
point B is carried into the point C by the dilative reflection with center A, 
axis / and similarity coefficient x/m. Therefore C lies both on the circle S> 
and on the circle 5; obtained from 5, by this dilative reflection (Figure 
104). The problem can have two, one, or no solutions. 


Figure 105 


42. Assume that the quadrilateral ABCD has been constructed. The 
dilative reflection with center A, axis AC and similarity coefficient 
AB/AD carries AADC into AABC' (Figure 105). 


(a) AC and AC’ = AC (AB/AD) are known; consequently we can 
lay off these segments on some line. Further, {ABC’ = (ADC; 
therefore 


XC'BC = XABC — XADC = XB— XD 


is known to us; therefore B can be found as the point of intersection of the 
circular arc constructed on the chord CC’ and subtending an angle equal 
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to xB — xD? with the circle having center A and radius equal to AB. 
It is now easy to find vertex D. The problem has at most one solution. 


(b) Since sides BC and BC’ = DC(AB/AD) and 
XC’BC = XB-— XD 


of ACBC’ are known, this triangle can be constructed. Vertex A can be 


found as that point on line CC’ for which AC’/AC = AB/AD. The 
problem has a unique solution. 


(c) In this case we know the ratios 


BC BC BC AD 


Ss ee eee 
=> 


BC’ CD-(AB/AD) CD AB’ 


The point B can be found as the point of intersection of the locus of 
points for which the ratio of the distances to C and to C” has the given 
value (BC/CD) (AD/AB) (see the footnote on page 40), with the circle 
of center A and radius AB. The problem can have at most one solution. 


D 
Figure 106 


43. The dilative reflection with center A, axis AC and similarity 
coeficient AB/AD followed by a rotation with center A and rotation 
angle carries triangle ADC into triangle ABC’ (see Figure 106). The 
remainder of the construction proceeds in a manner analogous to the 
solution of Problem 42. [In the solution of the problem analogous to 
Problem 42 (b), vertex A is found as the intersection of the locus of 
points the ratio of whose distances from C’ and C has the fixed value 


AB/AD, and the arc constructed on the chord CC’ and subtending the 
angle a. | 


T For the details of the construction of the arc see, for example, Hungarian Problem 
Book I in this series, Problem 1895/2, Note, p. 30. 


SOLUTIONS 133 


Figure 107 


44. (a) Let 4 and /, meet at O and form an angle a there (Figure 
107a). [If 1,|| 4%, then the problem makes no sense: in this case segment 
PQ will only exist when the point M is equidistant from J, and , and 
hence M cannot describe a circle.| Triangles OPP’ and OQQ’ are 
similar (right triangles with equal base angles); consequently, 
OP/OP' = 0Q/0Q’. Therefore OP/OQ = OP’/OQ’, that is, triangles 
OPQ and OP’Q’ are also similar; hence triangles OPM and OP’M' are 
similar (OM and OM’ are the medians of OPQ and OP’Q’). This means 
that the ratio OM'/OM = OP'/OP = cosa does not depend on the 
choice of the point M, and XM’OP’ = xMOP, that is, OM and OM’ 
form equal angles with the bisector / of angle POQ. Thus M’ is obtained 
from M by a dilative reflection with center O, axis 1 and coefficient 
k = cosa; therefore, when M describes the circle S, M’ describes the 
image circle S’. 


(b) First of all, it is clear that if ~4,0M; = a = 90°, then each 
point M of the plane is taken into the same point M’ = O; thus the only 
interesting case is when a ~ 90°. Denote the point of intersection of 
MM, with L by N,, and that of MM. with h by M2 (Figure 107b). Just 
as in the solution to part (a), we show that the triangles OM,M, and 
ONwN:; are similar with similarity coefficient k = OM,/ON, = cosa [if 
M, and M,j play the roles of the points P and Q of part (a), then the 
points P’ and Q’ of that part play the roles of N; and N2, respectively J. 
Since M and M’ are the points of intersection of the altitudes of the similar 
triangles ON,N2 and OM,M.2, it follows that OM'/OM = k = cosa, 
and that *M’OM, = XMOM,. From this we conclude that the lines 
OM and OM’ are symmetric with respect to the bisector / of angle 
M,0M;2. 
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Thus the point M’ of part (b) is obtained from M by means of the 
very same dilative reflection as was the point M’ of part (a) ; if M describes 
a circle S, then M’ describes the image circle S’. 


Figure 108 


45. (a) If the contours of the two squares ABCD and A,B,C,D, are 
traversed in the same direction, that is, if these two squares are directly 
similar, then A,B,C,D, is obtained from ABCD either by a spiral simi- 
larity or by a translation (see Theorem 1 on page 53). If A1B:C\D, is 
obtained from ABCD by a translation and if A*, B*, C*, D* are the 
midpoints of the segments AA,, BB,, CC,;, DD,, then A*B*C*D* 
is also obtained from ABCD by a translation, in the same direction and 
through half the distance (Figure 108a). 

On the other hand if A,B,C,D, is obtained from ABCD by a spiral 
similarity that is not a half-turn (in this case the midpoints A*, B*, C*, 
and D* all coincide with the center of rotation), then the midpoints 
A*, B*, C*, D* will be the vertices of a square (Figure 108b), because 
of the result formulated as a Remark following the solution to Prob- 
lem 33. 

However, if the contours of the squares ABCD and A,B,C,D, are 
traversed in opposite directions, then the result is no longer valid; for 
example, we may consider the case when the points 4; = 4A, C, =C, 
B, = D, and D, = B. (Figure 108c). ccc 

mit 


Figure 109 
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(b) This problem can also be solved on the basis of Theorem 1 and the 
Remark following the solution to Problem 33 (Figure 109a, b) ; however, 
the (simpler!) case when A,B,C, is obtained from ABC by means of a 
translation requires special consideration. In this case A*B*C* is obtained 
from ABC by a translation through the same distance but in the direction 
A A* (Figure 109a). 

If the direction in which the contours ABC and A,B,C, are traversed is 
the same, and is opposite to the direction in which the three contours 
AA,A*, BB,B*, and CC,C* are traversed, then the assertion of the 
problem remains valid. However, in general the assertion is not valid 
without some hypothesis about the directions in which the contours are 
traversed; see, for example, Figure 109c. 


46. (a) Since the two squares are directly similar figures, it follows 
from Theorem 1 that MN PQ is obtained from ABCD either by a transla- 
tion or by a spiral similarity. The assertion of the problem is obvious in 
the case of a translation, for then the four segments in question, AM, 
BN, CP, and DQ, all have the same length. Let us therefore assume that 
MNPQ is obtained from ABCD by a spiral similarity. 


Figure 110 


From some point O lay off segments, OT, OU, OV, OW that are 
equal to, parallel to, and have the same direction as the segments AM, 
BN, CP, DQ. The four points T, U, V, W will be the vertices of a 
square (Figure 110a), by the Remark following the solution to Problem 
33. Let Z be the center of the square TUVW. If we apply the law of 
cosines to the triangles OTZ and OVZ we have 


OT? = 0227+ ZT? — 20Z-ZT cos XOZT 
and 
OV? = 022+ ZV? — 20Z-ZV cos XOZV 


= 027+ ZT? +20Z-ZT cos {OZT, 
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from which it follows that 
OT? + OV? = 2027 + 2 ZT’. 
In exactly the same way we obtain the formula 
OV? + OW? = 2027 + 2 ZU". 
Therefore, since ZT = ZU, 


OT? + OV? = OW + OW’, 
that is, 
AM? + CFP? = BN? + DQ. 


It is easy to see that this reasoning remains valid when ABCD and 
MNPO are any two directly similar rectangles (Figure 110b). However, 
the result cannot be extended to the case when ABCD and MNPQ are 
oppositely similar squares or rectangles. Thus, for example, in the nota- 
tions of Figure 108c, AA, = CC, = 0, but BB, = DD, #0, and so 
AA?’ + CCY # BBY + DD. 


(b) We proceed as in part (a). The second regular hexagon is obtained 
from the first either by a translation or by a spiral similarity. The asser- 
tion of the problem is obvious in the case of a translation, so we assume 
that the second hexagon is obtained from the first by a spiral similarity. 


Figure 111 


Now from some point O we lay off segments OT, OU, OV, OW, OX, 
and OY, that are equal to, parallel to, and have the same direction as 
the segments 4M, BN, CP, DQ, ER, and FS. Then by the Remark 
following the solution to Problem 33, the six points T, U, V, W, X, Y 
are the vertices of a regular hexagon (Figure 111). Let K denote the 
midpoint of segment TV, and let Z denote the center of the hexagon 
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TUVWXY, so that Z is also the center of the equilateral triangle TVX. 
Clearly we have XZ:ZK = 2:1. Just as in the solution to part (a), 
we show that 

OT? + OV? = 2 OR? + 2KT?. 


Further, applying the law of cosines to triangles OZX and OZK we have: 


OX? = OZ? + ZX? — 20Z-ZX cos XOZX 
and 
OK? = O22? + ZK? — 20Z-ZK cos XOZK. 
Thus we have 


OT? + OV? = 20K? + 2KT’ 
= 202? + 2ZK? —40Z-ZK cos XOZK + 2KT?". 
But ZK = 3ZX and cos XOZK = — cos XOZX; therefore 


40Z-ZK cos XOZK = —20Z-ZX cos XOZX, 
and so 


OT? + OV? + OX? = 302? + 2ZK? + 2KT? + ZX? = 3 02 + 3ZT°, 
where the last equality follows from the fact that 
2(ZK? + KT’) + ZX? = 2ZT? + ZX? = 32ZT’. 
In the same way it can be shown that 
OU? + OW? + OF? = 3027+ 3ZU? = 302? + 3ZT’, 
from which we have 


OT? + OV? + OX? = OU? + OW? + OY? 
Or 
AM? + CP? + ER? = BN? + DQ? + FS? 


47. (a) If X and X’ are opposite vertices of the desired rectangle 
(Figure 112), then they lie respectively on the circles S and S’ with 
diameters AB and CD. These circles can be regarded as directly similar 
figures with corresponding points X and X’. By Theorem 1 (page 53) 
there exists a spiral similarity (or translation) that carries S into S’ and 
takes the point X into the point X’. This spiral similarity can be deter- 
mined in the following manner. Pass through the points A and C an 
arbitrary pair of lines, parallel to one another, and meeting the circles 
S and S’ respectively in points M and M’. Angles MAX and M‘CX’ are 
equal, since they are angles with parallel sides; therefore arc MX of 
circle S has the same angular measure as arc M’X’ of circle S’. It follows 
that our spiral similarity carries the point M into M’; and since it carries 
the center K of circle S into the center K’ of circle S’, the problem is 
reduced to finding the spiral similarity (or translation) carrying a known 
segment KM into another known segment K’M’ (see pages 43-44). 
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Figure 112 


If O is the center, a the rotation angle, and & the similarity coefficient 
of this spiral similarity, then 


ALOMM’ ~ AOXX’ 


because X MOM’ = <XOX’ =a and OM’'/OM = OX'/OX =k. 
Since side XX’ of triangle OX X’ is known, we can find side OX, and the 
point X can then be found as a point of intersection of circle S with the 
circle of center O and radius OX. The problem can have two, one, or no 
solutions; the points A, B, C, D may lie on the sides of the constructed 
rectangle, or on their extensions. 

A special case occurs when segment KM is taken into segment K’M’ 
by a translation (or, in other words, when the segments AB and CD are 
equal, parallel, and have the same direction). In this case the problem 
will have no solution if the magnitude of the translation is not equal to 
the given length of the diagonal of the rectangle, and otherwise the 
problem is undetermined (for the vertex X of the desired rectangle one 
can choose any point of the circle S). 


(b) Assume that the quadrilateral has been constructed (Figure 113a). 
Its vertices B and D lie on circular arcs S and S$’ constructed on the 
diagonal AC and subtending angles equal to the given angles B and D. 
Denote angle BAC by a and angle DCA by 8. Then from triangle ABC 
we have 

a+ {B+ XC -—B= 180°, 
and so 
B-—a= <B+ XC — 180°, 


that is, the quantity @ — a is known. Suppose for definiteness that 
8 — a> 0; pass a line through the point C in such a manner that the 
angle between this line and the diagonal CA is equal to 8 — a. Let this 
line meet the arc S’ in a point E; then X DCE = 8 — (8 —a) =a, 
that is, Xx DCE = <BAC and, therefore, arc DE = arc BC. 
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Figure ti3a 


From this we have the following construction, analogous to the solution 
to part (a). On the given segment AC construct a circular arc S sub- 
tending the given angle B, and on the other side of the segment construct 
a circular arc subtending the given angle D. Through the point C pass a 
line forming an angle B—a = XB+ XC — 180° with the line AC 
and meeting the arc S’ in a point #. Now it only remains to solve the 
following problem, to which part (a) was also reduced: on two circles S 
and S’ two points C and E are given; find points B and D on them such 
that arcs CB and ED have the same angular measure and such that the 
segment DB has a given length. 


AY ol 


M y 
Figure 113b 


(c) Let XYZT be the desired parallelogram; MX, MY, MZ, MT 
are the four given lines (Figure 113b). Translate AX MY in the direction 
of YZ through a distance equal to the length of YZ so that the segment 
XY coincides with segment TZ. If M’ is the new position of M, then in 
the quadrilateral MZM’'T we know the diagonals ZT and MM’ = YZ 
and the angles {ZMT, {ZM'T = {YMX, X{MTM' = XXMT, 
S{MZM' = XYMZ. Thus the present problem is reduced to part (b). 
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Figure 114 


48. (a) Suppose that AABC has been constructed (Figure 114a). 
Perform in succession a central similarity with center M and coefficient 
—k and two reflections, one in the line J, , the other in , ; the point A is 
first taken to B, then B is moved to C and, finally, C is moved to A. 
Thus A is a fixed point of the sum of the central similarity and two 
reflections in lines. This sum is a transformation that carries each figure 
F into a figure F’, directly similar to F, and by Theorem 1 it is a spiral 
similarity. It is not difficult to locate the center O of this spiral similarity; 
for this, it is enough to construct the segment P’Q’ that is the image of 
an arbitrary segment PQ in the plane under the sum of these three trans- 
formations, and then find the rotation center of these two segments (see 
pages 43-44). The vertex A must coincide with the point O (because 
the only fixed point of a spiral similarity is the center) ; after this it is easy 
to find the two other vertices B and C of the desired triangle. If k = 1 
and J, |, the problem is either impossible or undetermined; in all 
other cases it has a unique solution (compare the solution to Problem 37). 


(b) Suppose that triangle ABC has been constructed (Figure 114b). 
Carry out in succession central] similarities with centers M and N and 
coefficients —k, and —f, and a reflection in the line /. The sum of these 
transformations carnes the point A into itself and thus A is a fixed point 
of this sum. This sum obviously carries every figure F into a figure F’ 
oppositely similar to F, and so by Theorem 2 it is a dilative reflection. It 
is not difficult to find the axis and the center O of this transformation if 
we find the segment P’Q’ that is the image of an arbitrary segment PQ 
in the plane under this transformation (see pages 54-55, in particular 
Figure 40). Then A = O. Having constructed A there is no difficulty in 
finding the remaining vertices B and C of the desired triangle. 

If kiko = 1, then our sum of transformations is a glide reflection (or 
merely a reflection in a line); in this case the problem either has no 
solution or is undetermined. In all other cases there is a unique solution. 
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Chapter Two. Further applications of isometries and similarities 


49, (a) Many triangles A,B,C; can be constructed, congruent to the 
given triangle ABC and such that the sides A,B, and AiC; pass through 
two given points M and NV. By Theorem 1 (page 65) the side B,C, of any 
such triangle must be tangent to some fixed circle S, which can be found 
by constructing three such triangles, 4:B,C, , A2BeC2 and A3B3C3 (Figure 
115a). After this it remains to pass a tangent to S from the given point P: 
side BoCo of the desired triangle ApBoCy will lie on this tangent. 

The problem can have two, one, or no solutions. 


(b) This problem is very similar to part (a). Many triangles 4,B,C, 
can be constructed congruent to the given triangle ABC and such that 
A,B, is tangent to the given circle S,; and A,C; is tangent to the given 
circle S,. The third sides of all these triangles will be tangent to some 
circle S (page 66) which is easy to find by constructing three such 
triangles, A,B,C, , A2BoC2 and A3B3C3 (Figure 115b). After this it only 
remains to pass a common tangent to the circle S and to the given circle 
53 ; side BoC of the desired triangle AgBoCo will lie on this line. 


Figure 115 


The circles S and 53 will have, in general, four common tangents. In 
addition, triangle A,B,C, (and hence also A2BeC2 and A3B3C3) can be 
constructed in the following four essentially different ways: 

1°. The circle S, and the point C, lie on opposite sides of AB, ; the 
circle S_ and the point B, lie on opposite sides of A:C, (Figure 115b). 

2°. S, and the point C; lie on opposite sides of A,B; ; S2 and B, lie on 
the same side of 4,C) . 
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3°. S, and C, lie on the same side of A,B; ; S, and B, lie on opposite 
sides of AC; a 

4°. S; and C; lie on the same side of A,B, ; S. and B, lie on the same 
side of AC, ; 

Thus the problem can have up to sixteen solutions. 


Figure 116 


50. (a) Points C, and C2 in Figure 116a lie on the circle S circum- 
scribed about triangle ABO. By Theorem 2, when the segment AB slides 
with its end-points on the sides of angle /,O/, , the vertices C, and C2 of 
triangles ABC, and ABC, describe lines m, and mz, passing through O. 
[More accurately, they describe segments on these lines. We leave it to 
the reader to determine the lengths of these segments for himself. | 


(b) The point C, in Figure 116b lies on the circle S circumscribed 
about triangle ABO; the point C2 is the center of this circle. When the 
segment AB slides with its endpoints on the sides of angle ,Ol. , vertex Ci 
of triangle ABC, describes a line passing through O, while vertex C2 of 
triangle ABC. describes a circle with center O (see pp. 66-67). [More 
precisely, C, describes some segment on this line and C. describes some 
arc of the circle. ] 


51. Assume that triangle ABC has been constructed and consider 
AABC with some fixed length of the hypotenuse AB = a, and centrally 
similar to AABC with similarity center O at the point of intersection of 
lines J, and /, . It follows from the solution to Problem 50 (a) that vertex 
C lies on one of the easily constructed lines m,, m:,, m3 and m, (see 
Figure 117). (To construct the lines it is enough to construct the right 
triangles ABC,, ABC,, ABC; and ABC, with given acute angle a, 
such that the vertices at the acute angles are any points whatsoever on 
the lines 4, and , .) Clearly C lies on this same line. Thus C is found as 
the point of intersection of one of the lines m,, m2, m3 and m, with 
the circle S. 


The problem can have up to eight solutions. 
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Figure 117 


52. (a) Consider the quadrilateral BM,M.P, where B is the second 
point of intersection of S; and S.. When M,M; is rotated about 4, 
triangle BM,M, remains similar to itself (see the solution to Problem 
31); therefore the quadrilateral BM,M2P also remains similar to itself. 
Now all the assertions of the problem follow from the facts that the point 
B of this quadrilateral remains fixed, the vertices M, and Me describe 
circles S,; and S, , and side M,M_ always passes through the fixed point A 
(see above, page 69). (We assume that the triangle M@,M2P is con- 
structed on a definite side of M,M.—either on the same side as that on 
which triangle BM@,M, lies or on the opposite side; otherwise one must 
allow P to describe two circles and one must make the corresponding 
change in the formulation of the problem, concerning the lines M,P 
and M oP .) 


(b) Since ABM,M,~ ABN,N, [see the solution to part (a) ], it 
followsthat ABM,N,~ ABM,N-; consequently, (<BN\M, = { BN.M, 
and, therefore, a circle can be circumscribed about quadrilateral BN,QN, . 
But this means that the locus of points Q is the circle [ (Figure 118) 
circumscribed about triangle BN,N2 . 

When { is rotated about A, triangle BN,N, changes, but always 
remains similar to its original position [see the solution to Problem (a) J. 
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Since at the same time the point B remains fixed, and the points N, and 
Nez describe circles S; and S2, it follows that the center of the circum- 
scribed circle F of this triangle describes a circle. 


Figure 118 


53. Clearly ABM = XAO,O, (they each equal one half of arc AM 
of circle S, ; see Figure 119; similarly ACM = YAO,O,. Therefore 
when / is rotated around A, AAO,O, changes in such a way that it remains 
similar to itself (and to triangle ABC). Since the point A is fixed, and 
the points O, and O2 describe lines—the perpendicular bisectors of AB 
and AC—it follows that the midpoint of the segment O,0, also describes 
a line. 


Figure 119 
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Figure 120 


54. Let ABC and A’B'C’ be_any two positions of AABC (Figure 
120). Since the angle between OA and OB (OA’ and OB’) is equal to the 
angle between AC and BC, it follows that 


XAOB + xACB = xA’OB’ + xA'CB' = 180°, 
XOAC + xOBC = XOA'C + XOB‘C = 180°, 


and 


XOA’A = XOB'B, XOAA’ = xOBB’. 


Thus triangles OA A’ and OBB’ are similar; in the same way it can be 
shown that triangle OCC’ is also similar to them. It follows from this that 
AA’B'C’ is obtained from ABC by a spiral similarity with center O. 
Thus when the lines 1, , 2, 3 are rotated about O, triangle ABC changes 
but remains similar to itself; each two positions of this triangle have the 
same rotation center O. From this and from the fact that the vertices of 
the triangle describe lines, it follows that each of its points describes a 
line, and this answers the question in part (b). The point O has the same 
position with respect to all of the triangles ABC; therefore to understand 
its position in these triangles, it is enough to consider just one of them, 
for example triangle ApBoC’y formed from the perpendiculars from O to 
the sides of ABC. 

1°. If O is the center of the circumscribed circle about AABC, then 
the sides of AAgBoC) are parallel to the sides of AABC (the mid-lines of 
the triangle) and O is the point of intersection of the altitudes of AAgBoC5 . 

2°. If O is the center of the inscribed circle of AABC, then 
OAo = OBy = OCy, and O is the center of the circumscribed circle about 
AAoBCo . 
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3°. If O is the point of intersection of the altitudes of AABC, 
then O is the point of intersection of the bisectors of triangle 
AoBoCo (XOAcBo = XOCBo since these angles cut off the same arc on 
the circle circumscribed about OACB, ; > XOA0C) = XOBC, for a 
similar reason; XOCBy) = XOBCy by the similarity of triangles ACC, 
and ABB). 


55. (a) Let 4, 2, 13, i, be four given lines. Consider all quadri- 
laterals ABCD similar to the given one and having the three vertices 
A, Band C onthe lines ,, kb and J;, respectively; given vertex A or 
the direction of side AB of such a quadrilateral, we can construct it [see 
Problem 30 (a) in Section 2 and 9 (b) in Section 1]. It follows from 
Theorem 3 (page 71) that the vertices D of all these quadrilaterals lie 
on a certain line / which can easily be constructed by finding two positions 
of D. The point of intersection of / and , is the vertex D of the desired 
quadrilateral ABCD; it remains to apply the construction indicated in 
the solution to Problem 30 (a). 

In general the problem has a unique solution; an exception occurs 
when /|| 1, (then the problem has no solution), or when / =i, (the 
solution is undetermined). 


(b) Let Mi, Mz, M3, M, be the four given points. Consider all 
quadrilaterals ABCD similar to the given one and such that the sides 
AB, BC and CD pass through the points M,, Mz and M3; since the 
vertices B and C of these quadrilaterals lie on arcs circumscribed on 
MM, and M.2M; and subtending known angles, one can construct many 
such quadrilaterals. By Theorem 4 (page 72) the side DA of each of 
these quadrilaterals passes through a certain point M which is easy to 
find by constructing two of the quadrilaterals ABCD. The line MM, 
will contain side DA of the desired quadrilateral. If M coincides with 
M,, then the solution is undetermined. 


(c) The vertex A of each quadrilateral ABCD that is similar to the 
given one and is such that BC, CD and BD pass through the given 
points M, N and P respectively, lies, by Theorem 4, on a certain circle 
S (which i is not difficult to construct; for this it 1s enough to find three 
positions of A). Any point of intersection of S and the given circle S can 
serve as the vertex A of the desired quadrilatera] [compare the solution 
to part (b) ]. The problem can have two, one, or no solutions; if S and S 
coincide, the solution is undetermined. 


56. Consider all lines / such that the ratio of the segments AB and BC 
cut off on / by the lines 4, 2 and J; has a given value; by choosing an 
arbitrary point A on the line /,; we can construct J (see Problem 1 in 
Section 1). The points D on the lines / that are such that the segments 
AB, BC and CD have given ratios lie on a line m (see Theorem 3) ; 
this line m can be constructed easily by finding two positions of D. The 
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point of intersection of m and |, lies on the desired line J; it remains to 
apply the construction indicated in the solution to Problem 1. If m || l, 
then the problem has no solution; if m coincides with /, then the solution 
is undetermined [compare the solution to Problem 55 (a) J. 


57. When the angle a is changed, AA’B’C’ changes but remains 
similar to itself (and to AABC). Its sides always pass through certain 
fixed points, namely, the midpoints of the sides of ABC; therefore each 
of its points (and, in particular, the point of intersection of its altitudes, 
or of its angle bisectors, or of its medians) describes a circle. The second 
assertion of the problem follows from the fact that the rotation center O 
of all positions of triangle A’B’C’ (including ABC, which corresponds to 
the value a = 0) coincides with the center of the circumscribed circle 
about AABC; to see this it is sufficient to note that for a = 90° the 
lines we are considering all pass through the single point O. 


Figure 121 


58. (a) If AKLZM changes, remaining similar to itself, in such a 
manner that its vertices K, Land M slide on the sides BC, CA and AB 
of AA BC, then all positions of AKZM have a common center of rotation 
O which lies on the circles S;, S2 and S3 (see the proof of Theorem 3, in 
particular Figure 54a, page 72). Therefore these three circles pass 
through the common point O (Figure 121). 


(b) Let O, , O2 and O3 be the centers of circles S, , Se and 53, and let 
O be their common point (Figure 121). Since the quadrilateral ALOM is 
inscribed in a circle, wehave XAMO-+ XALO = 180° and, consequently 
SAMO = <xCLO; analogously, <CLO = xX BKO. But the equality 
XAMO = ~<BKO = XCLO implies Y“AO,O = £BO.0 = X<CO;0; 
therefore, triangles OO,A, OO2B and OOC are all similar to one another, 
and AQ,0,0; can be obtained from AABC by a spiral similarity (with 
center O, rotation angle O,OA, and similarity coefficient 00,/OA). 
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Figure 122 


59. (a) Triangle A,B,C, is obtained from AA BC by a rotation about 
the point O through some angle a. It follows from this that 
YABA, = XACA, = XAOA, = a, that is, the points A, Ai, B, C 
and O lie on a circle (Figure 122). In the same way it can be shown that 
the five points B, B,, A, C, O lie ona circle and so do the five points 
C, C,, A, B, O. 

Consider the triangle A’B’C’ formed by the mid-lines of AABC. We 
shall change this triangle, keeping it always similar to its original position 
(that is, similar to AABC), in such a manner that its vertices slide on 
the sides of AA BC. All positions of the triangle have a common center of 
rotation—the point of intersection of the circles circumscribed about 
triangles AB’C’, BA'C', CA'B’ [see the solution to Problem 58 (a) ], 
that is, the point O. Assume now that one vertex of the changing triangle 
is A; let B’ and C” be its other two vertices. Then B’ lies on a common 
circle with C, A and O (see the proof of Theorem 3); it follows that 
B’ = B. In the same way it can be shown that vertex C’ = C. 


(b) The point O is a fixed point of the changing triangle ABC; it must 
correspond to itself for all positions of this triangle. Since O is the point of 
intersection of the altitudes of AA’B’C’ it follows that O is also the point 


of intersection of the altitudes of AABC. 


60. (a) is obtained from i, by the sum of two reflections in the sides 
of AA BC; therefore the angle between /, and J, is equal to twice the angle 
between these sides of the triangle (see pages 50 and 30 of Volume One). 
Thus the angles of triangle 7 are determined by the angles of AABC 
and do not depend on the position of J. (If AABC were a right triangle, 
then two of the three lines 4, 4, 13 would be parallel and therefore 
L,, 4, ls would not form a triangle.) 
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(b) Assume that the line / is rotated about some point M in the plane. 
Then the sides of triangle 7 always pass through the points M,, Me, Ms 
that are symmetric to M with respect to the sides of AABC; in other 
words the triangle T varies in such a way that it remains similar to itself, 
and its sides always pass through three fixed points. In the proof of 
Theorem 4 (pp. 73-74) it was shown that in this case each two positions of 
the triangle T have the same rotation center O. If /; passes through O 
(that is, / passes through the point O’ symmetric to O with respect to side 
AB), then, and only then, triangle 7 degenerates to a point (and in this 
case the lines , and J; also pass through QO). 

Thus we see that, in general, among the lines passing through a given 
point M there is only one line/ such that 4, and J; meet in a point; 
if there were two such lines, it would mean that all lines through M 
would have this property. Now let M and WN be two points and let / and 
[ be the lines through them for which the corresponding triples of lines 
lh, bh, ls and ,, b, ls, meet ina point. If H is the point of intersection 
of | and J, then for each line through H the corresponding lines h, h, 1s 
meet in a point. (The lines / and / cannot be parallel, for if, 4, and 
meet in a point O and if 7||J, then the lines 4, b, and J; would be 
parallel to the corresponding lines ;, 4 and J; and would be separated 
from O by a distance equal to the distance between / and /; therefore they 
cannot meet in a point.) If / passes through H then J, and i pass through 
points H; and H, , symmetric to H with respect to the sides of triangle 
ABC; since, in addition, the angle between /; and , has a definite mag- 
nitude [see the solution to part (a) ], we see that the point P of inter- 
section of J, and /, describes a circle S (constructed on the segment 4,H, 
and subtending a known anglef). 

Thus we have shown the existence of a point # such that for each line 
passing through # the corresponding lines /; , 2 and /J3 meet in a point. 
There cannot be two such points G and H, for otherwise through each 
point M there would be two lines MG and M@ for each of which the 
corresponding triple of lines J, , 2, J3 would meet in a point. To see that 
H is the point of intersection of the altitudes of AABC, and S is the 
circumscribed circle about this triangle, it is sufficient to note that the 
lines 4,, 4, 13, corresponding to the altitudes of AABC, meet at 
its vertices. 


(c) Let / be an arbitrary line and let I be the line parallel to it and 
passing through H. The lines ,, 2, & meet in a point P; the lines 
l,, 4, and J; will be, as was noted in the solution to part (b), separated 
from the point P by a distance equal to the distance between / and J, or, 
what Is the same thing, the distance from H to J. Thus the radius of the 
inscribed circle of triangle T is equal to the distance from Z to J; since all 
the triangles 7 are similar to one another, it follows that the area of TJ 
depends only on the distance from Z to l. 


t See footnote { on page 50 of Volume One. 
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Figure 123 


61. First solution. If the feet of the perpendiculars from P to the sides 
of AABC he on a line /, then the lines 4 , 4 and /; that are the reflections 
of J in the sides of AABC, meet in the point P; here / is centrally similar 
to / with similarity center P and similarity coefficient 2 (Figure 123). 
It follows that P must lie on the circumscribed circle about AABC 
(and [ must pass through the point H of intersection of the altitudes of 
AABC; see Problem 60 (b) ]. 


Figure 124 


Second solution. Denote the feet of the perpendiculars from P onto the 
sides AB, BC, CA of AABC by N, L, and M respectively (Figure 
124). Let us show that P is the rotation center for all triangles L’M'N’ 
similar to triangle LM, whose vertices lie on sides BC, CA, and AB of 
AABC. Indeed, from the fact that XxPMA = XPNA = 90°, it follows 
that the points A, M, N and P lie on a circle, that is, P lies on circle 


SOLUTIONS 151 


AMN. In the same way it can be shown that P lies on circles BNL and 
CLM. But the point of intersection of these circles is also the desired 
rotation center [see the solution to Problem 58 (a) J. 

Further, for example, in the case shown in Figure 124, 


{APB = LYAPN + LNPB = LAMN + XNLB, 


since angles APN and AMN as well as angles NPB and NLB are in- 
scribed in the same circle and cut off the same arcs. But 


YAMN = {MCN + LMNC, S{NLB = {NCB — X{LNC 
since 
XAMN + XNLB = (XMCN + XNCB) + (XMNC — XLNC) 
= {MCB+ <{MNL. 
Comparing this equation with the preceding, we conclude that 
SAPB = {¥MCB+ XLMNL. 


This equation enables us to prove the assertion of the exercise. Indeed, 
if the point P lies on the circle circumscribed about triangle ABC, then 
XAPB = {ACB and YMNL = 0, that is, the points M, N, L lie 
on a line (Figure 124). Conversely, if the points M, N and L lie on a line, 
then (MNL=0 and {APB = YACB; consequently, the point P 
lies on the circle passing through points A, BandC. 


62. (a) Let 4, bh, 13, & be the four given lines. Circumscribe circles 
about the two triangles formed by lines },, h, 1; and l,, bh, & ; the point 
of intersection of these circles (different from the point of intersection of 
lines /, and 2) will be denoted by P (Figure 125). From P we drop 
perpendiculars onto lines 4, 2, 13 andi,; let M,, Meo, Ms and M, 
be the feet of these perpendiculars. By the result of Problem 61 the 
points M,, M2 and M; lie on a line, and the points M,, M, and M, 
also lie on a line; consequently, all four points lie on one line. From the 
same problem it follows that M,, M2 and M, also lie on a line; conse- 
quently, all four points lie on one line. From the same problem it follows 
that M@,, M; and M, can lie on a line only if P lies on the circle circum- 
scribed about the triangle whose sides are formed by 4, 23 and \. 
In the same manner one shows that P lies on the circle circumscribed 
about the triangle whose sides are formed by 2, 13, and i. 


(b) With the notations of Figure 58, MP 1 AB (because angles 
MPA and MPB cut off a diameter); in the same way MQ 1 AC and 
ME 1 BC. Consequently, P, Q and R are the feet of the perpendiculars 
dropped from the point M on the circle S circumscribed about AABC 
onto the sides of this triangle. 


t See footnote ¢ on page 50 of Volume One. 
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Figure 125 


(c) Let ABCD bea quadrilateral inscribed in a circle, and let AB = a, 
BC = b, CD=c, DA =d, AC=e, BD=f (Figure 126). From D 
drop perpendiculars DR, DS and DT to sides AB, BC and CA, 
respectively, of AABC; by the result of the preceding problem the feet 
R, S and T of these perpendiculars are collinear. It is clearly possible 
to circumscribe a circle about the quadrilateral ATDR; the segment AD 


will be a diameter of this circle. It follows from this that 
TR = ADsin XTDR = dsin XTDR. 
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But X7DR = {BAC (angles with perpendicular sides), and it follows 
from considering AABC that sin BAC = BC/2r = b/2r, where 


r is the radius of the circle circumscribed about the quadrilateral A BCD. 
Thus we obtain 


In an entirely analogous manner we obtain the relations 
TS =-—, RS =—. 
2r 


Further, since the points R, S and T lie on a line (see Figure 126), we 
have 


RT+ TS = RS 
or 
cal age A 
2r 2r Sr 
Multiplying both sides of this equation by 27 we have 
bd + ac = éf, 


which was to be proved. 


63. The circles circumscribed about the four triangles formed by our 
four lines meet in a common point P [Problems 35, 62 (a) J; the feet of 
the perpendiculars dropped from P onto the lines 4, &, /3 and J lie 
on a line m (Problem 61). The points H,, He, Hs and H, of intersection 
of the altitudes of the four triangles under consideration are centrally 
similar to the points of intersection of the lines PH,, PH2, PHs; and 
PH, with the line m, with similarity center P and similanty coefficient 2 
(see the first solution to Problem 61) ; consequently they also lie on a line, 
parallel to m and passing through the point P’ that is symmetric to P 
with respect to m. 


64. Denote the points of intersection of circles S; and S2 by the letters 
A and B; further, denote by P and Q the points of intersection of line MB 
with the circles S; and S2, respectively (Figure 127). Since we are given 
the ratio m/n of the lengths of the segments of the tangents from the 
point M to the given circles, we can also consider as known the ratio 


MP _MP MB _ 
MQ MO MB n° 

From this equation we see that if m =n the points P and Q coincide, 

and M is on AB; therefore in what follows we shall assume that m ~ n. 
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Figure 127 


Consider now AAQP. It changes when M is moved; however, the angle 
A PQ remains constant since it always cuts off a constant arc on the circle 
S:, and AQP = 180° — f{AQB also remains constant since 
XAQB cuts off a constant arc on circle S;. Consequently, the triangle 
remains similar to itself. Vertex A of the triangle does not move, and P 
describes the circle S; ; consequently the point M (lying on side QP of 
the triangle and such that MP/MQ = m?/n?) describes a circle S that 
is obtained from 5S, by a spiral similarity with center A, rotation angle 
PAM, and similarity coefficient AM/AP. 

Clearly the circle S passes through the point A; we now show that it 
also passes through B. For this it is sufficient to find a point C on the 
circle 5; such that XCAB = X PAM; since XACB = X APM, the 
triangles ACB and APM will be similar (AC/AB = AP/AM) and, 
therefore, the spiral similarity considered above will carry C into B. 

The desired locus can now be constructed as follows. Through one of 
the points A and B of intersection of the circles S, and S2 pass an arbitrary 
line meeting S, and S, in points P and Q. Construct a point M on this 
line such that MP/MQ = m?/n*, where m/n is the given ratio of the 
lengths of the tangents. The circle through A, B and M (more pre- 
cisely, the arc of this circle that lies outside S; and Se) is the desired locus. 


6S. All such triangles A’ B/C’ have, with AABC, a common rotation 
center O coinciding with the point of intersection of the circles A B/C’ 
and BA’C” (see the proof of Theorem 3). It only remains to consider the 
particular position of AA’B’C’ in which A’, B’, and C’ are the mid- 
points of the sides of AA BC. 
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Figure 128 


66. (a) Since O, is the rotation center of triangles ABC and A,B,C,, 
we have (see Figure 128) 
OA OB AC 
{AOjA, = {BOB = XCO.G, == ——=— (4 


and, therefore, triangles AOQ,A,, BO,B,, CO,C, are all similar to one 
another. From this we see that 


XO,AB = X0,BC = XO,CA. (**) 
In the same way it can be shown that 
XO.BA = XO.CB = XO-,AC. (#**) 


Conversely, if the point O, is such that condition (**) is satisfied for it, 
then it is the first rotation center of AABC. Indeed, pass three lines 
O,A,;, O,B,, O.,C,; through O; meeting the sides of AABC in points 
A;, B,, C, and forming equal angles with these sides. Triangles AQ,A, , 
BO,B, and CO,C, will be similar (by equality of angles) ; therefore condi- 
tion (*) is fulfilled and O, is the rotation center of triangles ABC and 
A,B,C, , that is, O, is the first rotation center of AABC. In the same way 
it can be shown that a point QO, Is the second rotation center of AA BC 
if condition (***) is satisfied. 

We now prove that XO,AB = XO2AC. For this purpose we construct 
the lines symmetric to lines AO, , BO, and CO, with respect to the bi- 
sectors of the corresponding angles, and we show that these three lines 
meet in a common point 0; . Denote the distance from QO, to the sides 
AB, BC, and CA of AABC by m, n, and p. The line AQ, 1s the locus of 
points whose distances from sides AB and AC of the triangle has the 
ratio p:m (Figure 128). In the same way the line symmetric to BO, with 
respect to the bisector of angle B is the locus of points whose distances 
from BA and AC are in the ratio m:n, and the line symmetric to CO; 
with respect to the bisector of angle C is the locus of points whose dis- 
tances from CA and CB are in the ratio p:n. From this it follows that the 
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distances from the point O} of intersection of the last two lines to sides 
AB and AC is in the ratio m: p, that is, 0} also belongs to the first of the 
three lines. 

From condition (**), which the point QO, satisfies, it follows that O} 
satisfies the relation 


SOBA = LOiCB = XO;AC 


[since XO,AB = XO{AC, XO,BC = XO{BA, XO,CA = XO;CB]. 
Therefore Oj coincides with the second rotation center Q2 of triangle 
ABC and, therefore, XO,AB = XO2AC. 


(b) Let the point O be both the first and second rotation center 
of AABC (Figure 129). Since O is the first rotation center, we have 
XOAB = XOBC = XOCA; since O is also the second rotation center, 
we also have XOBA = XOCB = XOAC. But it now follows at once 
that (A = XB = XC, that is, AABC is equilateral. 


Figure 129 


(c) Here it is most convenient to use the results of Problem 68 below. 
By these results the centers O{ and QO; of the circles circumscribed about 
the congruent triangles A,B,C, and A2B2C; coincide (in Figure 130 these 
centers coincide with O’). Since AA,B,C; is obtained from AABC by a 
spiral similarity with center O, , rotation angle a, and some coefficient &, 
we have {0/0,0 = a, 0,0'/0,0 = k; since A2BoC2 is obtained from 
ABC by a spiral similarity with center OQ, , the same rotation angle a 
(because A,B, and A2Be form equal angles with AB), and the same 
similarity coefhcient k (because triangles A,B,C; and A2BeC2 are con- 
gruent), we have X{O’020 = a, 020'/0.0 = k. It follows from this that 
triangles 0,00’ and O.00’ are similar, and since they have a common 
side OO’, they are congruent; therefore OO, = OO, . 


Note that from the similarity of the triangles 0,00’ and 0,A A, it follows that 
XO,00’ = XO,AA, and, therefore, (0,00, = 2¢, where ¢ is the common value 
of the angles 0,AB, O,BC, O,CA, OQ:AC, O,CB, O,BA. From this and from the 
result of part (d) it follows that 0,0; < 0,0 = O,0 (and the equality sign holds 
only for equilateral triangles, when all three points O,, O; and O coincide). 
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(d) For the proof of this theorem we shall use the construction con- 
sidered in Problem 70 (see Figure 137, p. 162). Let us determine the 
product AQ, - OA’ = BO, - O,B’ = CO, + O,C’ in terms of the radius R 
of the circumscribed circle and the angle ¢. From the similarity of tn- 
angles AQ,C’ and A’BO, [see Problem 70 (b) ] it is easy to obtain 

AOr 22 
AC’ A'O, 
and, therefore, 
AQ, i O,A’ = AC’ : A’'B. 
But since arc AC’ = arc A’B = 24, we have AC’ = A’B = 2Rsin ¢. 
Thus AO, - O,A’ = 4R? sin? ¢. 
But, on the other hand (see Figure 137), 


AO, > O,A’ = MO, * OWN = (R — O0,) (R + 00;) 
= RF? —OO? < R. 
From this it follows that 
4R’ sin? @ < R°; sin? @ < i, d < 30°, 


while ¢ = 30° only if O, coincides with O (OO, =O) and AABC is 
equilateral [see parts (c), (b) ]}. 


Figure 131 


67. In order that O, be the first rotation center of AA BC it is necessary 
and sufficient that 
JO,AB = XO,BC = X0,CA. 


Assume that the first rotation center has been found, and construct on 
the segment AB the arc of the circle passing through O, (Figure 131). 
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Since XO,AB = XO,BC, it follows that XO,BC is equal to one half the 
measure of arc BO, of the circle; therefore the line BC is tangent to the 
circle BO,A. In the same way it can be shown that the sides CA and 
AB of the triangle are respectively tangent to the circle passing through 
the points B, C and QO, and the circle through the points C, A and O,. 
Therefore the first rotation center O, of triangle ABC can be constructed 
as the point of intersection of two circles: one circle passing through A 
and B and tangent to side BC and the other passing through B and C and 
tangent to CA. The second rotation center can be constructed in an 
analogous manner. 


Figure 132 


68. (a) Triangle A,B,C, can be obtained from AABC by means of a 
rotation about O, through angle AOQ,A;, , followed by a central stmilarity 
with coefficient O,A4;/0,A ; therefore the angle between lines AB and A,B, 
is equal to angle AO,A, (Figure 132). In the same way it can be shown 
that the angle between lines AB and A2B is equal to angle AQ2A2. 
Therefore from the conditions of the problem we see that 


YAOWA:1 = LAOA?. 


But it follows from Problem 66 (a) that XO,AA; = X{O02AA2. Thus 
triangles AO,A, and AQ.A? are similar, and therefore 
OrAr _ Ord 


OA O02A’ 


that is, the similarity coefficient of triangles ABC and A,B,C, 1s equal to 
the similarity coefficient of triangles ABC and A2B2C, . It follows from 
this that triangles A,B,C, and A2B2C2 are congruent. 


Figure 133 
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(b) Let us prove that B.C; || BC (Figure 133). From the solutions to 
Problems 66 (a), 68 (a) it follows that triangles CO,C, and BOB: are 
similar, and therefore 


CC, CO, 


BB,” BO, 
Further, from Problem 66 (a) it follows that “O,CA = XO.BA and 
XO,AC = X{O.AB; therefore triangles CO,A and BO,A are similar and 


CO, AC 

BO, AB 
From this we have 

CQ, AC 

BB, AB’ 


which proves our assertion. 

In exactly the same way one proves that C2A;||CAi, and that 
A2B, || AB. 

Let us prove further that the line A,A¢ is anti-parallel to side BC of 
AA BC. From the similarity of triangles AO0,A; and AQ2A_ we have 


AA, OQ,A 
AA, O2A” 

From the similarity of triangles CO,A and BO,A we have 
O,A AC 
0:4 AB 

Comparing the two proportions just obtained we find that 
AA, AC 
AA, AB’ 


from which it follows that triangles AA,A_ and ACB are similar, and 
consequently, that lines A;A2 and BC are anti-parallel. In the same way 
it can be shown that B,B, is anti-parallel to CA and that CC is anti- 
parallel to AB. 


(c) Consider the quadrilateral B,C,A,Be. In this quadrilateral 
XB,C\A, = XC, since triangles A,B,C, and ABC are similar; in addi- 
tion, <A,B,B, = 180° — {B,B.B (see Figure 134). But since B,Be 
is anti-parallel to side CA of AABC, we have {8,B,.B = XC and, 
consequently, 

XB,C\A; + £AB.B, = 180°. 


From this we see that B. lies on the circle circumscribed about 
AA;B,C, . In the same way it can be shown that C; and A: lie on this 
circle. 
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l‘igure 134 


69. (a) Since in the right triangles A A,O, , BB,O, and CC,O, the angles 
O,A A; ,O,BB, and 0O,CC, are all equal [ see Problem 66 (a) ], these triangles 
are all similar (Figure 135). Therefore, 4 AOQ,A,; = XBO,B,; = LCO.C, 
and O,A/O\A, = O,B/0,B, = 0,C/O.C, ; that is, AA 1B,C, can be 
obtained from AABC by a spiral similarity with center O,. Thus, 
AA,B\C; ~ AABC. It can be shown in the same way that 
LAAeBoCe cd AABC ° 

The right triangles AA,O, and A A,O; are similar [see Problem 66 (a) ]; 
consequently angles AO,A, and AO;A2, through which triangles A,B,C, 
and A2BeC., respectively, were rotated with respect to AABC, are 
equal. Therefore the angles formed by the lines A,B, and A2Be with AB 
are also equal, and triangles A,B,C, and ABC, , inscribed in AABC, 
satisfy the conditions of Problem 68; hence all results of that problem 
can be applied to them. 

From the similarity of triangles O,OO’ and O,A A, , where 0,00’ is the 
triangle considered in the solution to Problem 66 (a) (see Figure 135) 
we have {0,0’O = X0,A,A = 90°. From this it follows that the point 
O’, the common center of the circumscribed circles about triangles 
A,B,C, and A2B.C. ; is the midpoint of 0,02. 


Figure 135 
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Figure 136 


(b) If the vertices of A,B,C, , whose sides are parallel to the altitudes 
of AABC, lie on the sides of ABC in the order pictured in Figure 136, 
then A,B, can be parallel to the altitude CF or to the altitude BE (but 
not to the altitude AD!). If A,B,|| CF, then A,C, || BE; if A,B, || BE, 
then B,C, || CF. Thus there are two possibilities for inscribing in the 
given triangle ABC a triangle whose sides are parallel to the altitudes of 
ABC, that is, there are two such inscribed triangles [see Problem 9 (b) }. 
In Figure 136 these triangles are denoted by A,B,C; and A2B.C,. They 
are similar to AABC (we use the same letters to indicate corresponding 
vertices). It is easy to see that all the conditions of Problem 68 are satis- 
fied for triangles A,B,C, and A2BeC2; hence they are congruent [see 
Problem 68 (a) }. 

Now consider the quadrilateral A,B,A2B,. We have A,B, = A2B, 
A,B, || A2Be, and A,B,  B,A2. Consequently this quadrilateral is a 
rectangle and its diagonals are equal and are bisected by their point of 
intersection. In the same way it can be shown that the segments B,Be 
and C,C2 are equal and bisected by their point of intersection. Therefore 
all three segments joining corresponding vertices of triangles A,B,C; 
and A,BeC2 are equal and are bisected by their common point of inter- 
section. This point is the center of the circle circumscribed simultaneously 
about triangles A,B,C, and A2BeC2 [see Problem 68 (c) ]. 


70. (a) Denote the value of ~A‘AB by ¢. Since 
YA'AB = XB'BC = XC'CA = 4, 


we have arc BA’ = arcCB’ = arc AC’ = 2g and triangle C’A’B’ is 
obtained from AABC by a rotation through an angle of 2¢ about the 
center O of the circumscribed circle (Figure 137). 


(b) For example, for triangle AO,C’ we have 
arcAC’+arcCA’ arcBA’+arcCA’ arc BC 


SS ee = Oe Ce BAC, 
ae 2 2 2 + 
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and therefore AAO,C’ is similar to AABC. The proof is analogous for 
the five remaining triangles. 


Figure 137 


71. Join the first rotation center O, of AABC to all the vertices of the 
triangle (Figure 138). The point M lies in one of the triangles ABO, , 
BCO, , CAQ, . If, for example, M lies inside (or on the boundary) of 
AABOQ, (Figure 138), then XMAB < XO,AB < 30° [see Problem 
66 (d) }. Similarly one shows that at least one of the angles MAC, 
MBC, MBA is less than or equal to 30° (along with triangles ABO,, 
BCO, , CAQ, it is necessary to consider triangles ACO. , CBO2, BAOz, 
where OQ; is the second rotation center of the triangle). 

In fact, it follows from the proof that at least one of the angles MAB, 
MBC, MCA is always strictly less than 30°, with the unique exception of 
the case when AABC is equilateral and M is its center (in this case 
{MAB = {MBC = YMCA = 30°). 


[AS 


Figure 138 


A B 
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Figure 139 


72. (a), (b). Let V be a point of intersection, different from A;, of 
the circles circumscribed about triangles A,A2D3 and A,A;3D, (Figure 
139). In this case, denoting the angles of AD,D.D; by D,, D2 and D3, 
we have (Figure 1397) 


XAV Ae = X D3, JAVA; = 180° = xX De 
and, consequently, 
JAVA; = YA3VA1 — LAVA, = 180° — ~D-—-XD, = GD 


and, therefore, the circle circumscribed about AA.2A;D, also passes 
through V. 

Note that, by the construction of the rotation center (see page 
43, Figure 30b), O, lies on the circle circumscribed about AA2A;3D,, 
O» lies on the circle circumscribed about AA ,A3D2, and QO; lies on the 
circle circumscribed about AA,A,D; ; moreover, as we proved, all these 
circles pass through the common point V. 

Now denote the point of intersection of the lines D,O, and D;0;3 by U. 
Then we have (see Figure 1397) 


{O2V03 = XD.0.LV + £D,0;3V — XO.UOs; 


(for the proof it is enough to divide the quadrilateral O,.V03U into two 
triangles by the diagonal UV and to apply the theorem of the exterior 
angles to each of these triangles). Because the points D., O2, V and Ai 
lie on a circle we have 


X D,O.V = 180° -< X DAW 


t See footnote { on page 50 of Volume One. 
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and similarly 
{D,OxV = 180° — £D3AipV, 


from which it follows that 


{D.0.V + £D:03V = 180° 
and, therefore, 
X0.VO; = 180° = X0.U0; 9 


that is, the points 02, O3, U and V he on a circle. 

Let V denote the common point of intersection of the circles circum- 
scribed about triangles B,B:D;, B,B;D,, and B,B;D,. In the same 
manner as in the preceding paragraph we show that O., O3, U and V 
lie on a common circle. Thus we see that the five points O:, O3, V, V 
and U lie on a circle. In the same way it can be shown that the points 
O,, Os, V, V lie on a circle. But from the fact that the two quadruples 
of points O1, Os, V, V and O., O3;, V, V each separately lie on a 
circle we see that these two circles must coincide with one another and 
with the similarity circle of the figures F,, F:, F3; this completes the 
proof of the proposition in part (b). Further, we see that the point U of 
intersection of DO. and D,OQ; lies on this circle. In other words, the line 
D;O: passes through the point U (distinct from O3) of intersection of the 
line D303 with the similarity circle of the figures Fi, F2, Fs; in the 
same way it can be shown that the line D,O, passes through the same 
point, which completes the proof of the proposition of part (a). 


Figure 140 
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(c) Assume first that the sides of AD{D;D; are parallel to the 
corresponding sides of AD, D,D, (Figure 140) . From the fact that O; is the 
rotation center of figures F, and F; it follows easily that the distances of 
the lines DD; and D{D; from QO, are proportional to the distances of 
DD; and D,D; from O;. It follows from this that Dj lies on the line 
03D; . In the same way it can be shown that D> lies on 02D, and that Dj 
lies on O,D, . Taking into account the result of part (a) we see that the 
lines D,Dj, D.D2 and D;D; meet in a common point O which is 
clearly the similarity center of the triangles D,D,D; and DiD;D; ; this 
point lies on the similarity circle of the figures F,, F, and F;. 

Now assume that the sides of AD{DjD; are not parallel to the 
corresponding sides of AD,D.D; . Let A,B, and A;C;, A2Bo and A2C2, 
A3;B, and A;C; be three pairs of corresponding segments of the figures 
F,, F., and F3; let D\D,D3 and D{D2D; be the triangles whose sides 
are formed by the lines 4,B,, A2B, and A3;B;, and the lines A,C,, 
AC. and A;C3, respectively (see Figure 63c in the text). The triangles 
D,D.D; and D;D2D3 are similar since the angle between lines A,B, and 
A,C, of figure F; is equal to the angle between the corresponding lines 
A2Bs and A2C2 of figure Fz and to the angle between A;B; and A;C; of 
figure F; . The rotation center of triangles D,D2D; and D{DDj lies on 
the circle passing through the three points D;, D; and A, (see the con- 
struction of the rotation center of two figures on page 43). But since 
XD;A:D; = XD3A,D;, this circle also passes through A,. Thus the 
rotation center of triangles D,D.D,; and D\DjDj lies on the circle 
circumscribed about 4A,A2D,. In a similar manner the rotation center 
lies on the circles circumscribed about triangles A,A43D2 and A2A3D, . 
By part (b) the point of intersection of these circles lies on the similarity 
circle of the figures fF, , F,, Fs (compare Figure 63c and 63b). 


73. (a) Let 4, 2, 1s be three corresponding lines of the figures 
F,, F,, and F; meeting in a point W; let J; be a line in the figure Fy 
parallel to 4, , let 2 , 2; be the lines corresponding to /; in figures F, and 
F, , and let D,D2D 3 be the triangle whose sides are formed by the lines 
Ii, le, 43 (Figure 141). Clearly /2||% and 4; ||/;. Further, since O, is 
the rotation center of F, and F; , the distance from QO; to /, and i, is propor- 
tional to the distance from Q; to /; and /,. It follows from this that the 
line O,D; passes through W. In the same way it can be shown that lines 
O,D, and O,D, pass through W. After this it only remains to apply the 
result of Problem 72 (a). 


(b) Note first of all that angle D, of triangle D,D.D; (Figure 141) 
does not depend on the choice of the lines {, 12, 13; this is the angle 
of rotation of the spiral similarity carrying F; into F; . Further, the ratio 
of the distances from the point OQ, to the lines /2 and J; does not depend 
on the choice of these lines; it is equal to the similarity coefficient of 
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figures F, and F; . It follows from this that the angles 0,D,D, and 0,D,D; 
have constant values. If now J; and J; are the points of intersection of /, and 
1; with the similarity circle of F, , F, and F;, then XO,WJ; = {O,D,D, 
and X<O,WJ,; = XO,D,D,; the arcs O,J2 and O,J3 have constant 
values and, consequently, J; and Jz do not depend on the choice of the 
lines },, 2 and Js. In the same way /, also meets the similarity circle 
of figures F; , F, and F; in the fixed point J; . 

We leave it to the reader to prove for himself that, conversely, if U is an arbitrary 


point on the similarity circle of Fi, Fe and F;, then the lines UJ,:, UJ: and 
UJ, are corresponding lines of these figures. 


Figure 141 


74. (a) Let B’ be the point symmetric to B with respect to the line / 
(Figure 142a). If X’ is an arbitrary point on J, then 


AX’ + X'B = AX’ + XB’. 
Therefore, the sum AX’+ BX’ will be smallest when the sum 


AX’ + B’X’ is smallest, that is, when X’ coincides with the point X of 
intersection of AB’ with /. 


(b) Let B’ be symmetric to B with respect to the line / (Figure 142b). 
If X’ is an arbitrary point on J, then AX’ — B’X’ < AB’. And since 
AX’ — BX’ = AX' — B’X', the difference AX’ — BX’ will be mini- 
mum when X’ coincides with the point X of intersection of AB’ with J. 
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Figure 142 


75. (a) First solution. Let PXY be an arbitrary triangle inscribed in 
AA BC, one of whose vertices is P. Reflect AABC together with APXY 
in the line BC; the triangle A’ BC thus obtained, together with the triangle 
P‘XY’ inscribed in it, we reflect in the line CA’ (Figure 143). Since, with 
the notations of Figure 143, XY = XY’ and YP = YP", the perimeter 
of APXY is equal to the length of the polygonal line PXY'P”. 

Two cases are possible now. If the segment PP” crosses the line BC 
between the points B and C (and therefore cuts the line CA’ between the 
points C and A’), then it will be shorter than any polygonal line PX Y’P”’ 
and the desired triangle has been found (triangle PMN in Figure 143; 
M is the point where PP” crosses BC, N is the point symmetric to the 
point NV’ with respect to the line BC, and N’ is the point of intersection of 
PP” with CA’). If the segment PP” crosses the line BC outside the 
interval BC, then the shortest polygonal line PX Y’P” will be the one for 
which X and Y’ coincide with C. In that case the desired triangle degen- 
erates to the segment PC described twice. 

It remains to explain when each of these two cases occurs. For this we 
note that AA’B’C is obtained from AABC by a rotation about C 
through an angle equal to twice angle C (because A’B’C is obtained from 
ABC as the result of two successive reflections in the lines BC and CA’ 
which form the angle C; see Proposition 3 in Section 1, Chapter II, page 
50 of Volume One); therefore PCP” = 2XC. From this it follows at 
once that if x<C < 90°, then the line PP” crosses side BC of the triangle, 
while if <C > 90°, then PP” meets the line BC either at C, or at a 
point lying on the continuation of BC past C. 


Second solution. Once more let PXY be an arbitrary triangle inscribed 
in AABC; let P’ and P” be the points symmetric to P with respect to BC 
and CA (Figure 144). Since PX = P’X and PY = P’Y, the perimeter 
of APXY is equal to the length of the polygonal line P’X YP”. Therefore, 
if P’P” crosses the two sides AC and BC of AABC in points M and N, 
then APMN is the desired triangle. If P’P’’ does not cross the segments 
AC and BC, then the desired triangle degenerates to the segment PC 
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described twice. In a manner similar to the first solution it can be shown 
that the first case holds if angle C of the triangle is less than 90°, and the 
second if XC > 90°. 


We note that in essence the second solution is not very different from the first 
(compare Figures 143 and 144). 


Figure 144 


(b) First solution. We shall assume that the angle at vertex C in the 
given triangle is an acute angle. Let P be an arbitrary point on side AB; 
using the first solution to part (a) we inscribe in ABC a triangle PMN 
having the smallest possible perimeter, equal to the length of the segment 
PP" (see Figure 143). It only remains now to choose the point P in such 
a way that the segment PP” will be as small as possible. Recall that 
f~ PCP” =2<XC, that is, it does not depend on the choice of the point 
P; therefore the base PP” of the isosceles triangle PCP” with the given 
vertex angle 2 < C will be a minimum if the side CP is as small as possible. 
At this point we must consider two cases separately. 
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Figure 146 


1°. The angles at vertices A and B of triangle ABC are both acute (we 
have an acute triangle). In this case the segment CP has the shortest 
possible length when the point P is the foot Py of the altitude CPo of 
triangle ABC (Figure 145). It is easy to show that the vertices M, and 
No of triangle PpM No , obtained from this choice of Po , are also the feet 
of the altitudes of triangle ABC. Indeed, from Figure 145 it follows that 


LMoPoA = KCPoA — LCPoNo 
180° —2XC_ 


= 90° — XCPUNs = 90° — ; 
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that is, a circle can be circumscribed about quadrilateral BCNoP) and 
X BNC = LCPoB = 90°. In the same way it can be shown that 
AMo L BC? 

2°. If, for example, A is a right angle or an obtuse angle, then segment 
CP will be smallest when P coincides with vertex A. In this case the 
desired triangle degenerates to the altitude AM, described twice. 


Second solution. In solving part (b) one can also start from the second 
solution to part (a). Since the perimeter of AMNP (see Figure 144) is 
equal to P’P”’, and CP’ =CP” =CP and PCP” =2<XC, the 
problem is reduced to finding a point P for which CP has the smallest 
possible value. For the rest, see the first solution. 


76. We begin by solving a problem analogous to that in Problem 75 (a), 
namely: assume that a point P is given on side A D of quadrilateral ABCD, 
and let us try to find the quadrilateral of minimum perimeter inscribed 
in A BCD and with one vertex at P. This problem admits a solution rather 
like the first solution to Problem 75 (a). Reflect the quadrilateral 4 BCD 
in side A B; then reflect the quadrilateral A BC’D’ obtained in this manner 
in side BC’; finally, reflect the quadrilateral A’BC’D” obtained in this 
manner in side C’D”, to obtain quadrilateral C’D’’A’’B’ (Figure 147a). 


T The calculation presented above has used the facts that in triangle CPP, , 
XPoCPo =2XCand XCPPy = XCPy Po = XCPy N,, and so 2 X CPy'Ng 
= 180° — 2 XC. 

To see that a circle can be circumscribed about quadrilateral BCN oP» , given that 
XNoPorA = XC, we may proceed as follows. The segment CP) divides XC into two 
parts. Let a. = {PoCNo and let az = XBCPy. Draw a line through P» making 
angle a: with PoNo and let this line meet AN at the point D. Thus “DPA = ay 
(see Figure 146). Let 8 = XCPoNo; thus a + a+ 6 = 90°. Let O be the mid- 
point of BC. Since XC P)B = 90°, the circle circumscribed about triangle CPoB will 
have BC as a diameter, and hence O will be the center of this circle. Then OC = OP, 
since they are radii of this circle, and hence XOPpC = XKOCPo = ar. 

Now consider the circle S circumscribed about ACP). Our task is to show that 
S has its center at O. Since XPeCNyg = XDPoNo, it follows that Po) is tangent 
to S. Since a + a2+ 8 = 90° it follows that PoO runs along the radius to S at 
Py. Finally, since OP) = OC and C lies on S, we see that O must be the center of 
S, as was to be proved. 

The above calculations were designed to show that when Py is chosen as described in 
the solution to the problem, then automatically Mo and No are the feet of perpendiculars. 
This can also be proved as follows. Suppose, for example, that Np is not the foot of the 
perpendicular from B onto side AC. Then by a discussion exactly like the discussion 
concerning Po» we see that we can obtain an inscribed triangle of smaller perimeter by 
choosing the vertex N to lie at the foot of the perpendicular and then constructing the 
other two vertices P and M as in the solution to part (a). But this is impossible since 
we have already seen that the best choice for P is at the point Pe , which is the foot of 
the perpendicular from C. 
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Suppose that in this process an arbitrary inscribed quadrilateral PX YZ 
passes successively through the positions P’XY'Z’, P’X’'Y'Z” and 
PYVX"Y"Z"; the perimeter of quadrilateral PX YZ is clearly equal to the 
length of the polygonal line PX Y’Z’’P’”’. From this it follows that if the 
line PP’ meets sides AB, BC’ and C’D” of the quadrilaterals that have 
been constructed, then the points of intersection determine the desired 
quadrilateral; if PP’ does not meet all three of these segments, then the 
desired quadrilateral will be degenerate (that is, a triangle, one of whose 
vertices coincides with one of the vertices of quadrilateral ABCD, or a 
diagonal, described twice, of quadrilateral ABCD). 


Figure 147a 


Let us now pass to the solution of the original problem. We must find 
a point P on side AD of quadrilateral ABCD such that the segment PP’, 
where P’” is the point corresponding to P on side A’’D” of quadrilateral 
A" B'C'D”, has minimum length [compare the solution to Problem 
75 (b) }]. As we saw in the solution to Problem 75 (b), if the segments 
AD and A” D” are not parallel and do not have the same direction, then 
the desired point will be the foot of the perpendicular dropped from the 
rotation center of the segments AD and A’’D” onto the line AD (provided 
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that this foot lies on the segment AD), or the desired point will be that 
endpoint of the segment AD that is closest to the foot of this perpendicular 
(if the foot of the perpendicular lies outside the segment AD). If the 
segments AD and AD” are parallel and have the same direction, then 
the distance from each point P of side AD to the corresponding point P’ 
of segment A’’D” is the same. 


6 D 


Figure 147b 


The problem has a (unique) solution in the proper sense of the word 
only in the first case, if at the same time the foot Po of the perpendicular 
from the rotation center O of segments AD and A’’D” onto line AD lies 
on side AD, and if the line PoPs’’ , where Po’ is the foot of the perpen- 
dicular from O onto A’’D”, meets the three segments 4B, BC’ and C’D”. 
In this case the points of intersection of the segment PoPo’ with the 
segments AB, BC’, C’D’’ define the desired quadrilateral PoQoRoSo (see 
Figure 147a). Moreover it is easy to see that {Po’"PoA = XPoPo"’D" 
(see Figure 147b), from which it follows that sides PoQo and Po5So of the 
desired quadrilateral form equal angles with side AD of the quadrilateral 
ABCD. Further, since the vertical angles that are formed by line PoPo’ 
with lines 4B, BC’ and C’D” are equal, it follows that sides P9Q) and 
QoRo of quadrilateral PoQoRo5o form equal angles with side AB of quadri- 
lateral ABCD, that sides QoRo and RoSo form equal angles with side BC, 
and that sides RoSp and SoPo form equal angles with side CD.f Further, 
with the notations of Figure 147a, 


{A+ XC = (180° — £1 — X2) + (180° — £3 — $4) 
= 360° — (414+ 42+ £3 + £4), 
XB+ XD = (180° — {2 — £3) + (180° — ~4 -— £1) 
= 300° — (X14+ 424+ £3 + £4), 
xA+ XC = XB+ XD = 180°. 


t Thus we have shown that if PQRS is a quadrilateral of minimum perimeter in- 
scribed in ABCD, then any two consecutive sides of it form equal angles with that 
side of ABCD which they meet. This proposition can be proved more simply. Indeed, 
if xSPD ~ <QPA, then, without changing the positions of vertices Q, R and S, 
we can change the position of P so that the perimeter of the quadrilateral PORS 
becomes smaller [see the solution to Problem 74 (a) ]. 
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Thus the problem has a solution in the proper sense of the word only if 
the quadrilateral A BCD can be inscribed in a circle. 

Now suppose that the quadrilateral ABCD can be inscribed in a 
circle (that is, XB + XD = 180°); let D’’A”B’C" be the reflection of 
D’ A" B'C' in D’ A”, Since quadrilateral BC’D’’A’ is obtained from ABCD 
by a rotation about the point B through an angle 2XB [compare the 
solution to Problem 75 (a) ], and D’A”B”C” is obtained from D’’A’BC’ 
bya rotation about D” through an angle2¢D, and 2XB + 2XD = 360°, 
it follows that A’B”’C’D” is obtained from ABCD by a translation (see 
Section 2, Chapter I of Volume One, page 34). Therefore, if ABCD can be 
inscribed in a circle then the segment A’’D” is parallel] to AD and has the 
same direction. Thus the distance between an arbitrary point P of AD 
and the corresponding point P’”’ of A’’D” does not depend on the position 
of P, and thus our problem has an infinite set of solutions, corresponding 
to all those positions of P such that the segment PP’” meets the segments 
AB, BC' and C’D”. Clearly the sides of all of these quadrilaterals of 
minimum perimeter inscribed in ABCD are parallel to one another (see 
Figure 148). 


Figure 148 Figure 149 


77. If D, E, F are the feet of the altitudes of AABC, then 
AACD~ ABCE (see Figure 149); therefore CE/CD = CB/CA. 
Consequently, AABC ~ ADEC and XCED = {CBA. Let MN be 
the tangent to the circumscribed circle at the point C. Clearly 
X{MCA = {CBA (=$jarcAC). Thus, XMCE= X{CED, that is, 
ED || MN 1 OC. In the same way it can be shown that EF 1 OA, 
and DF 1 OB, that is, A DEF is the desired triangle. [It is easy to see 
that no other triangle inscribed in A.A BC solves the problem, for no other 
inscribed triangle has its sides parallel to those of ADEF. | 

If AABC is acute, then the center O of the circumscribed circle lies 
inside it (Figure 149) ; therefore 


Area (AABC) = Area (ODCE) + Area (OEAF) + Area (OFBD). 
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But the diagonals in each of these last three quadrilaterals are perpen- 
dicular, and therefore their areas are equal to one half the product of 
their diagonals. Thus, 


(*) Area (AABC) = 10C - DE+ 340A - EF + 30B- FD 
= 1R(DE + EF + FD), 


where R is the radius of the circumscribed circle. 
If F’D’E’ is any inscribed triangle in A BC then 


Area (AABC) = Area (OD/CE’) + Area (OEF’AF’) + Area (OF’BD’) 
= 40C-D'F' siny + 40A-E'F' sina + 40B-F'D sin, 


where y, a and £ are the angles between the diagonals of quadrilaterals 
OD'CE’, OE'AF' and OF’BD’, respectively; therefore 


Area (AABC) < 3R(D'E' + E'F' + FD’). 
Comparing this equation with equation (*) above we see that 
DE+ EF+FD< DE + EF +FD. 


Thus, among all triangles inscribed in a given acute triangle, the one 
with the smallest perimeter is the one whose vertices are the feet of the 
altitudes of the given triangle. 


78. We first find a point whose distances to the vertices A, B and C are 
proportional to the numbers a, 6 and c. The construction of such a point is 
easily accomplished if we use the fact that the locus of points the ratio of 
whose distances to two given points has a given value, is a circle (see the 
footnote on page 40). In addition it can be shown that in general there 
are two such points, one outside and one inside the circle circumscribed 
about the given triangle. Therefore one of these points certainly lies 
outside of AABC. We must now consider two cases. 


Figure 150 
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1°. One of the constructed points (we denote it by O) lies inside ABC 
(Figure 150). Inscribe in AABC a triangle DEF whose sides are perpen- 
dicular to the segments OA, OB and OC [see Problem 9 (b), on page 17 ]. 
Clearly we have 


Area (AABC) = Area (OEAF) + Area (OFBD) + Area (ODCE); 


since OA | EF, OBL FD, OC 1 DE and OA =ak, OB = bk, 
OC = ck (for some number k), we have 


(*) Area (AABC) = 410A-EF + 310B-FD + 30C-DE 
= 1k(a-EF + 6-FD + c-DE). 


Now let D’E’F’ be an arbitrary triangle inscribed in ABC, and let 
a, B, y be the angles between the diagonals in quadrilaterals OZ’ AF’, 
OF’BD’, OD'CE'’, respectively. In this case (compare the solution to 
Problem 77) 


Area (AABC) = 30A-E’F' sina + 30B-F'D’ sinB + 40C- DE’ sin y 
< $k(c- EF’ + 6-F’'D +¢-DE’) 
and therefore 
aqaEkF+6-FD+cDE<@aEF+b-F D+¢ DE, 
that is, DEF is the desired triangle. 


2°. If the point O lies, for example, on side AB of AABC, then the 
desired triangle degenerates to the altitude from C onto side AB, described 
twice; if O lies outside AA BC, then the desired triangle degenerates to 
the altitude, described twice, on the side of AABC that separates O 
from AABCT. We leave the proof to the reader. 


79. The desired point M cannot lie outside of AABC, for otherwise we 
could easily find a point M’ for which 


AM’ + BM’+CM' < AM+BM+CM 


(Figure 151a). Now let X be an arbitrary point inside AABC (Figure 
151b). Rotate AACX about A through an angle of 60° in the direction 
from B to C to the new position AC’X’. Since AX = XX’ (triangle 
AXX’ is equilateral) and CX = C’X', we see that the sum of the 
distances from the point X to the vertices of the triangle is equal to the 


¢ Each line in the plane separates the plane into two half-planes; points which are 
in different half-planes are said to be separated from each other by the line. A point 
outside a given triangle is separated from the points inside the triangle by at least one, 
and at most two, of the sides (extended indefinitely) of the triangle. It can be shown 
that in our situation, the point O is separated from A ABC by only one side of AABC. 
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Figure 151 


length of the polygonal line BX X‘C’. It now remains to choose the point 
M so that the polygonal line BM M’C’ will have minimum length. 
We consider separately two cases. 


1°. Segment C’B intersects side AC of A ABC; this case obtains when 
x BCC’ < 180°, xBAC’ < 180° or, since 


X BCC’ = xBCA + XACC’ = XBCA 4+ 60° 
and 
X BAC’ = XxBAC + XCAC’ = XBAC + 60°, 


when angles C and A of the triangle are less than 120°. In this case if a 
point M can be found on the segment C’B such that XAMC’ = 60°, 
then for this point we will have 


AM +MC+MB=C'B, 


and, therefore, it will be the desired point. For this point M we have 
XAMB = {CMB = XAMC = 120° (M is the point from which all 
sides of the triangle are visible under equal angles) ; clearly, for there to 
be such a point M on segment C’B it is necessary that XCBA be less 
than 120°. If angle CBA > 120°, then the desired point will be vertex 
B of triangle A BC. 


2°. Segment C’B does not intersect side AC of A ABC; for example, 
the point C’ lies on the opposite side of line BC from AABC (XC > 120°). 
In thir case the shortest polygonal line C’X’XB is the line C’CB, and the 
desired point is the vertex C of AA BC. In the same way, if <A > 120°, 
then the desired point is vertex A. 


80. (a) If DEF is an equilateral triangle circumscribed about AABC 
and if 4M, BM, CM are perpendicular to the sides of ADEF then, 
clearly, XAMB = XBMC = XCMA = 120° (Figure 152a). It follows 
that M is the point of intersection of the circular arcs constructed on the 
sides of AA BC and each measuring an angle of 120°. Having found M we 
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can construct ADEF without difficulty. The point M will lie inside 
AABC if none of the angles of AABC exceeds 120°; if, for example, 
XC = 120°, then M =C; if XC > 120°, then M lies outside AA BC. 
We now derive the solution to Problem 79 from this. 


E 


Figure 152 


Consider the first case. Let M’ be any interior point of AA BC, and let 
M'A’, M'B’, M’‘C’ be the perpendiculars from M’ onto the sides of 
ADEF. We have 


Area (ADEF) = Area ( ADEM") + Area ( AEFM’) + Area ( AFDM’) 


or, if a and # are the side and the altitude respectively of the equilateral 
triangle DEF, 
tah = 4a-M’'A' + 4a-M'B’ + 4e-M'C’, 
that is, 
M‘A' + MB) + M'C' = h. 
But M’A > M'A', M’'B> M'B’, M'C> MC’ (since the perpen- 
dicular distance is shortest) ; therefore 


M'A+ MB+ M'C2h, 


and the equality will hold only when M’ coincides with M. Thus M is 
the desired point. 

If M =C, then C is the desired point. Finally, if “C > 120°, then 
again the sum of the distances from the vertex C to the other vertices of 
the triangle will be less than the sum of the distances from any other 
point to the vertices of the triangle. To prove this circumscribe an isosceles 
triangle DEF about AABC so that CA 1 DE, CB L EF (Figure 
152b). Let M’ be an arbitrary interior point of AA BC, and let A’, B’, C’ 
be the feet of the perpendiculars from M’ onto the sides of ADEF; let 
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D’/EF’ be the triangle similar to DEF whose base D’F’ passes through 
M’. Then we have 


Area (ADEF) = Area (ACDE) + Area ( ACEF), 
and so 
CA +CB=h, 


where / is the altitude of ADEF on one of its two equal sides. Similarly 
we obtain 
M'A’ + M'B’ =k, 

where h’ = kh is the altitude of triangle D’EF’ (& is the similarity 
coefficient, k < 1). 

Denote the altitudes of triangles DEF and D’EF’ onto their respective 
bases by H and H’=kH. Since {FE = 180° — XC < 60°, we have 
DF < DE, H>h. Therefore 


M'A’ + M'B'’4+ M'C =h'+ (A —-— #f') =H - (1-2) 
=H—-—k(H-h) > H-—-(H-h) =h=CA+CB. 
Clearly we have 
M'A’ + M'B’ + M'C’ < M’A+M'B+M'C 
and so 
M'A + M’B + M'C >CA + CB, 
which was to be proved. C 


Figure 153 


(b) If AM, BM and CM are perpendicular to the sides of the equi- 
lateral tnangle DEF inscribed in AA BC, then, clearly, 


XAMB = YBMC = XCMA = 120° 


(Figure 153). Therefore to solve the problem we must find a point M from 
which all sides of the triangle are visible under angles of 120°, and then 
inscribe in AABC a triangle DEF whose sides are perpendicular to 
AM, BM and CM [see Problem 9 (b), page 17]. At the same time, the 
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vertices of ADEF will lie on the sides of AABC and not on their exten- 
sions if all angles of AA BC are less than 120°. 
Assume that this is the case. Then 


Area (AABC) = Area (MDCE) + Area (MEAF) + Area (MFBD) 
= 1DE-MC + }3EF-MA + 3FD-MB 
= 41DE(MA+MB+ MC). 


Now let M’ be an arbitrary point inside AABC and let a, 8, y be the 
angles that the lines M’A, M’B and M’C make with the corresponding 
sides of ADEF. Then 


Area (AABC) = Area (M’DCE) + Area (M’EAF) + Area (M’FBD) 
= 4DE-M'Csiny + $EF-M’'A sina + $FD-M’B sin B 
< 3DE(M’'A + M’B+ MC). 

From this we have 

MA+MB+MC<M’'A+M'B+M'C 


which was to be proved (compare the solution to Problem 77). 


C 


Figure 154 


81. (a) First solution. Rotate ACAM about point A through 60° into 
the position ABM’ (Figure 15442). Then MM’ = AM’ = AM, 
CM = BM’. But BM < BM’ + MM’, and therefore 


BM < AM +CM. 


Moreover, BM = BM'+ MM’ only if M’ lies on the segment BM. 
Since XAMM’ = 60°, in this case we have XAMB = 60°; this means 
that M lies on the arc AC of the circle circumscribed about tnangle ABC 
(see Figure 154b). 
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Figure 155 


Second solution. Pass lines MP, MQ and MR through the point M@ 
parallel to sides AC, AB and BC of AABC (Figure 155a). The quadri- 
laterals MOAR, MPBR, MPCQ are easily seen to be isosceles trapezoids; 
consequently, MA = QR, MB = PR, MC = PQ. Thus the segments 
MA, MB and MC have the same lengths as the sides of APQOR, and 
therefore MA + MC > MB. 

The equality MA + MC = MB holds only when RO + QP = PR, 
that is, Q lies on the segment PR (Figure 155b). In this case 
XRMA = XRQA, XPMC= XPOC, XROA = XPOC; that is, 
XRMA = XCMP, XAMC = XRMP = 120° and, therefore, M lies 
on the arc AC of the circle circumscribed about AA BC. 
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Third solution. From M drop perpendiculars MA,, MB, and MC, 
onto the sides of AABC (Figure 156a). The circle with diameter AM 
is circumscribed about the quadrilateral AC, MB, ; since XB,AC, = 60°, 
it follows that B,C, is the side of an equilateral triangle inscribed in this 
circle. Therefore B,C, = (v3/2)-MA; similarly, A,B, = (v3/2)-MC, 
A,C, = (V3/2)-MB. But from triangle A,B,C, we have 


AiG; < AB, + BiGi , 
from which 
MB<MA+t MC. 


Moreover MB = MA + MC if the points A; , B, and C, lie on a line, 
with B, between A, and C, (Figure 156b). We assert that in this case 
M lies on the arc AC of the circle circumscribed about AABC. Indeed, 
XC\MA = XC,B,A, XA;MC = XA,B,C. But since in the case we are 
considering <C,B,A = {A,B,C, we have {C\MA = YA,MC and 
XAMC = Y{C,MA, = 120°, which proves our assertion. 

We note that, in general, the feet of the perpendiculars from an arbitrary point M 


onto the sides of an arbitrary triangle are collinear if and only if M lies on the circle 
circumscribed about the triangle (see Problem 61 in Section 1 above). 


Fourth solution. Let us apply Ptolemy’s theorem (see Problem 269 of 
Section 4, Chapter II of Part Three of the Russian edition™) to quadri- 
lateral M ABC. We obtain 


MB-AC < MA-CB + MC-AB, 


with equality holding if and only if a circle can be circumscribed about 
MABC. But AC = CB = AB and, therefore, 


MB < MA+MC, 
which was to be proved. 


(b) On side BC of the given triangle ABC, and outside of it, construct 
an equilateral triangle BCA’ (Figure 157). Let X be an arbitrary point 
of the plane. From triangle XA A’ we have 


AA' < XA+4+XA', 


and equality holds only if X lies on the segment AA’. Further, by the 
proposition of part (a), 

XA’ < XB+ XC, 
and equality holds only if X lies on the arc CmB of the circle circum- 
scribed about triangle BCA’. 


T This theorem states that for any quadrilateral with consecutive vertices A, B, 
C, D the sum of the products of the two pairs of opposite sides is greater than or equal 
to the product of the diagonals, that is, 


AC-BD< AB- CD+ AD: BC, 
with equality holding if and only if a circle can be circumscribed about the quadrilateral. 
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Figure 157 


From these relations we have 
AA’ <XA+XB+ XC. 


If M is the point of intersection of AA’ with the circumscribed circle 
of AA’BC, then 
AA' = MA+MB-+ MC, 
that is 
MA+ MB+ MC< XA4+XB4+XC, 


and therefore M satisfies the conditions of Problem 79. By an easy 
calculation one can convince oneself that if one of the angles of AABC 
is equal to 120°, then the segment AA’ and the arc CmB intersect at the 
vertex of this angle, while if one of the angles of the triangle is greater 
than 120°, then they do not intersect at all. In this latter case it can be 
shown that the vertex of the obtuse angle is still the solution to the 
minimum problem. 


82. First note that the desired point M must lie outside of AABC 
and inside of the angle ACB. Indeed, suppose that M were an interior 
point of AABC, and let M’ be the point of intersection of the line CM 
with side AB (Figure 158a). Then AM’ + BM’ < AM-+ BM and 
CM’ > CM, so that 


AM' + BM’ — CM’ < AM + BM — CM. 


Next assume that M does not lie inside x ACB. Then there are several 
possibilities for M. First assume that M lies in the angle that is vertical 
with respect to angle ACB, and let M’ be the point symmetric to M 
with respect to the line / through C and parallel to AB (Figure 158b). 
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Figure 158 


Then M’C = MC and M’A< MA, M’'B< MB (these last two 
inequalities follow from the fact that, with the notations of Figure 158b, 
M'P < MP), and therefore 


AM’ + BM' — CM’ < AM+ BM — CM. 


Next assume that M belongs to angle CAB (but does not lie on the line 
AB!) and does not lie inside triangle A BC, and let M’ be the point sym- 
metric to M with respect to line AB (Figure 158c). Then AM’ = AM, 
BM’ = BM, and CM’> CM (the last inequality follows from the fact 
that, with the notations of Figure 158c, M’Q > MQ), and therefore 


AM’ + BM' — CM’ < AM + BM —CM. 


Similarly, the assumption that M belongs to XCBA but not to AABC 
leads to a contradiction. Finally, assume that M lies in the angle that is ver- 
tical with respect to <A BC (or on the line AB). Then MC — MB < BC 


184 GEOMETRIC TRANSFORMATIONS 
and MA> BA [the last inequality follows from the fact that 
{MBA > {DBA > 90° (Figure 158d) ], and therefore 
MA + MB — MC = MA — (MC — MB) 
> BA — BC = BA + BB — BC. 


In the same way it can be shown that M cannot lie in the angle that is 
vertical with respect to angle BAC. Thus the assumption that M does not 
lie inside angle ACB has been contradicted. 


Figure 159 


Now let X be an arbitrary point of the angle ACB that does not belong 
to AABC. Rotate AACX about A through an angle of 60° in the direc- 
tion from C to B, into position AC’X’ (Figure 159a). Since AX = XX’ 
(because triangle AX X’ is equilateral) and CX = C’X’, it follows that 
AX + BX — CX isequal to X’X + BX — C’X’; thus we must choose 
the point X so that the quantity BX + XX’ —C’X’ is as small as 
possible. But since clearly 

CB+ BX+ XX'>CX', 
we therefore always have 
BX + XX! — C'X' > —C'B; 
thus if we can find a point M such that 
(*) CB+ BM + MM' =C'M' and BM + MM' —C'M = —C'B, 
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where M’ is obtained from M in the same way that X’ was obtained 
from X, then M will be the desired point. 
Now it is necessary to consider two cases. 


1°. JA =a > 60°, that iss AC = BC > AB and AABC is not 
equilateral. In this case C’ does not coincide with B, and the equations 
(*) will hold provided that the points M and M’ both lie on the line C’B 
(Figure 159a). Since angle C of triangle ABC is equal to 180° — 2a, it 
follows that the angle at vertex C in triangle BCC’ is equal to 
60° — (180° — 2a) = 2a — 120°; therefore 


{CC’B = ¢CBC' = 150° — a, 


and so <C’BA = X<C’BC + a = 150°. Thus if M is chosen so that 
XC’BM = 180°, then we will have XABM = 30°. If in addition M is 
chosen sothat <BMM’ = xBMA + 60° = 180°, then xX BMA = 120°. 
From this it follows that there is a unique point M such that M and M’ 
both lie on the line C’B and 


AM + BM — CM = BM + MM —C'M = —C’'B; 


this point is characterized by the condition XMBA = XMAB = 30° 
(Figure 160a). 


2°. XA = 60°, that is, AABC is equilateral; in this case C’ = B 
(Figure 159b). Also we have BM + MM' — C'’M' = —C’'B (=0), if 
the broken line BMM" is actually a segment of a line, and therefore 
X BMA = 120° (since { AMM’ = 60°). All such points M (see 
Figure 160b) lie on the arc AB of the circle circumscribed about AA BC; 
each such point satisfies the requirements of the problem [compare the 
solution to Problem 81 (a) J. 
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Remark. The solution given above does not work in case AC = BC < AB and 
xA =a < 60°. In this case it can be shown that the minimum of the expression 
AM + BM — CM is attained when the point M coincides with vertex A or with 
vertex B of AABC (Figure 160c). 

One could also pose the problem of finding a point M for which the expression 
MA + MB — MC is as small as possible, when AABC is an arbitrary triangle given 
in advance. Here too if equation (*) is valid for some point M, lying in angle ACB 
but not in AABC, then it is not difficult to see that if M also satisfies 


X AMC = XBMC = 60° 
and therefore ~AMB = 120°, then for this point the expression 
MA + MB — MC(= —CB) 


will be as smal] as possible. [Here the point C’ is obtained from C by a rotation about 
A through 60° in the direction from AC to AB; this rotation carries M into the point 
M’ that occurs in the equations (*).] However, a complete description of the condi- 
tions when equation (*) is possible is quite difficult in general. 


83. First consider the case when the sum of the two smaller of the 
numbers a, 8b, c does not exceed the third; suppose, for example, that 
a>6b-+c. For any point X we have 


aeXA+b-XB+6-XC > (b+ 0ec)XA + 5-XB+¢-XC 
= (XA + XB) +¢(XA + XC) = b-AB+ ¢°-AC 


(because XA + XB > AB, XA+ XC ZAC), so that the sum 
a-XA +b-XB+c¢-XC_ takes the smallest possible value when the 
point X coincides with the point A. 

Thus it only remains to consider the case when there exists a triangle 
with sides equal to a, 5 and c. In considering this case we may follow four 
paths, analogous to the solutions to Problems 79, 80 (a), 80 (b) and 81. 


First solution. Let ApBoCy be a triangle with sides equal to a, 5 and ¢, 
and let a = a/b, y = c/b; let X be an arbitrary point in the plane. The 
spiral similarity with center A, similarity coefficient y and rotation angle 
equal to angle Ag of AAoBoCy (the rotation is taken in the direction from 
B to C), carries triangle AXC into AAX’C’ (Figure 161). Triangles 
AX'X and AoBoCy are similar since, by hypothesis, 


AX'/AX = y = AoBo/ Ao, SXAX’ = LBoAC. 
From their similarity we have XX’/AX = a/b=a; XX’ = aAX; 
further, by construction, C’X’ = yCX. Consequently, 
oeCX + a-AX + b-BX 
b 


and, therefore, the quantity a-AX + 6-BX + c¢-CX has the smallest 
value when the polygonal line BXX’C’ has the shortest length. The 
following cases are possible here. 


C'X! + X'X + XB =y-CX +a:AX + BX = 
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Figure 161 


1°. Line BC’ meets side AC of the given triangle in some point D. In 
this case the shortest polygonal line joining the points B and C’ and 
crossing the segment AC, is the segment BC’. Using the fact that angle 
AXX’ is equal to angle Cy of AApBoCo, it is easy to find the point M. 
To do this we construct an arc on the segment AD that measures the 
indicated angle and that lies on the same side of line AC as the point B. 
If this arc intersects the segment BC’ then the point of intersection is the 
desired point M. If the arc does not intersect the segment BC’ then the 
desired point M coincides with B. 


2°. If line BC’ does not meet side AC of AABC, then the shortest 
polygonal line BXX’C’ that meets side AC will be either the polygonal 
line BCC’ or the polygonal line BAC’. Clearly in the first case M = C, 
and in the second case M = A. 


Figure 162 


Second solution. If in ADEF we have EF:FD:DE = a:b:c, then the 
sum of the distances to the sides of ADEF from an arbitrary point M, 
multiplied respectively by the numbers a, 8 and c¢, is constant. Indeed, 
from Figure 162 we have 


Area (ADEF) = Area (AMEF) + Area (AMFD) + Area (AMDE) 
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or, if EF = ak, FD = bk, DE = ck, 
Area (ADEF) = 4MA-ka + 3$MB-kb + 3MC-ke, 


2A ADEF 
aMA+)-BM +c-MC = ieee) = constant. 


Here A, Band C are the feet of the perpendiculars from M to the sides of 
triangle DEF. 

Now circumscribe about AABC a triangle DEF whose sides are in 
the ratio a: 5:c, such that the perpendiculars to the sides of DEF, erected 
at the points A, Band C, meet in a common point M [the construction is 
similar to the construction in Problem 80 (a) ]. If M lies inside AA BC 
then it is the solution to our minimum problem; the proof of this proceeds 
as in the solution to Problem 80 (a). If M lies outside AABC, then the 
solution to the problem is given by one of the vertices of the triangle. 


Third solution. Inscribe in the given triangle A BC a triangle DEF with 
sides in the ratios @:6:c and with the property that the perpendiculars 
dropped from the vertices of AABC to the sides of ADEF meet in a 
common point M [the construction is similar to the construction in 
Exercise 80 (b) J. 

In case ADEF is inscribed in AABC in the ordinary sense (that is, all 
its vertices lie on the sides of AA BC and not on their extensions), then 
just as in the solution to Problem 80 (b) it can be shown that M is the 
desired point. Otherwise the solution to the problem is given by one of 
the vertices of AA BC. 


Fourth solution. We make use of the following proposition, which 
generalizes the result of Problem 81 (a): if in AABC we have 
BC:CA:AB = a:6:c, then for any point M in the plane we have 


b-MB<a-MA+c-MC, 


and equality holds when M lies on the corresponding arc of the circum- 
scribed circle of AABC. The proof of this proposition [which can be 
carried out in several ways, analogous to the solutions to Problem 81 (a) ] 
we leave to the reader. 

We now construct on side BC of the given triangle a triangle BCA’ 
such that BC:CA’:A’B = a:b:c, and we circumscribe a circle about 
this triangle. If X is an arbitrary point in the plane, then from AX AA’ 
it follows that 

AA’ < XA+ XA’, 


and equality holds only for points on the segment A A’. In addition, 
a°XA’ <b XB+c¢°XC, 
and equality holds only for points of the arc BmC. 
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Multiplying the first of these relations by a and adding it to the second 
we obtain 
a:AA’ <aeXA+0XB+c¢:-XC, 


and equality holds only for the point M of intersection of the arc BmC 
with the segment AA’: 


a-AA’ =a-MA+)-MB+c:-MC. 
Thus, 
aMA+b)-MB+c¢>-MC <a-XA+0-XB+¢-XC, 


that is, M is the solution to the problem. 

If the arc BmC does not intersect the segment AA’, then it can be 
shown that the solution to the problem is given by one of the vertices 
of AABC. 
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